
Åëåöêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. È.À. Áóíèíà

Íà ïðàâàõ ðóêîïèñè

Åëåöêèõ

Êîíñòàíòèí Ñåðãååâè÷

Â-ÃÈÏÅÐÁÎËÈ×ÅÑÊÈÅ ÓÐÀÂÍÅÍÈß

Ñ ÎÏÅÐÀÒÎÐÎÌ ÁÅÑÑÅËß ÏÎ ÂÐÅÌÅÍÈ

01.01.02 � Äèôôåðåíöèàëüíûå óðàâíåíèÿ,

äèíàìè÷åñêèå ñèñòåìû è îïòèìàëüíîå óïðàâëåíèå

Äèññåðòàöèÿ

íà ñîèñêàíèå ó÷åíîé ñòåïåíè

êàíäèäàòà ôèçèêî-ìàòåìàòè÷åñêèõ íàóê

Íàó÷íûé ðóêîâîäèòåëü:

äîêòîð ôèçèêî-ìàòåìàòè÷åñêèõ íàóê,

ïðîôåññîð Ëÿõîâ Ë.Í.

Âëàäèìèð � 2019



Îãëàâëåíèå

Ââåäåíèå 6

1 Èíòåãðàëüíûå ïðåîáðàçîâàíèÿ Ëåâèòàíà è

Êèïðèÿíîâà�Êàòðàõîâà. Â-öèëèíäðè÷åñêèå ôóíêöèè.

Ðÿäû Ëåâèòàíà 24

1.1 Èíòåãðàëüíûå ïðåîáðàçîâàíèÿ Áåññåëÿ . . . . . . . . . . 25

1.2 B-öèëèíäðè÷åñêèå ôóíêöèè . . . . . . . . . . . . . . . . . 29

1.3 Â-öèëèíäðè÷åñêèå ôóíêöèè,

îòâå÷àþùèå ïîëîæèòåëüíîé

ðàçìåðíîñòè îïåðàòîðà Áåññåëÿ +γ . . . . . . . . . . . . 30

1.3.1 Îðòîãîíàëüíîñòü ñèñòåìû ÷åòíûõ-íå÷åòíûõ B+γ -

öèëèíäðè÷åñêèõ ôóíêöèé ïåðâîãî ðîäà . . . . . . 32

1.3.2 Îöåíêà Lγ
2 � íîðìû Λ -öèëèíäðè÷åñêèõ ôóíê-

öèé, îòâå÷àþùèõ ïîëîæèòåëüíîé ðàçìåðíîñòè

îïåðàòîðà Áåññåëÿ +γ . . . . . . . . . . . . . . . . 33

1.4 Â-öèëèíäðè÷åñêèå ôóíêöèè,

îòâå÷àþùèå îòðèöàòåëüíîé

ðàçìåðíîñòè îïåðàòîðà Áåññåëÿ −β . . . . . . . . . . . . 35

1.4.1 Îðòîãîíàëüíîñòü B−β -öèëèíäðè÷åñêèõ

ôóíêöèé ïðè β ≥ 1 . . . . . . . . . . . . . . . . . . 38

1.4.2 Íîðìû B−β -öèëèíäðè÷åñêèõ ôóíêöèé ïðè β ≥ 1 38

2



1.4.3 Îðòîãîíàëüíîñòü B−β -öèëèíäðè÷åñêèõ

ôóíêöèé ïðè 0 < β < 1 . . . . . . . . . . . . . . . 40

1.4.4 Íîðìû B−β -öèëèíäðè÷åñêèõ ôóíêöèé ïðè

0 < β < 1 . . . . . . . . . . . . . . . . . . . . . . . . 41

1.5 Ðÿäû Ëåâèòàíà . . . . . . . . . . . . . . . . . . . . . . . . 42

1.5.1 Î ðàâíîìåðíîé ñõîäèìîñòè Λ+γ -áåññåëåâûõ ðàç-

ëîæåíèé Ëåâèòàíà . . . . . . . . . . . . . . . . . . 44

1.5.2 Î ïðîèçâîäíîé è B+γ -ïðîèçâîäíîé ðÿäà ïî ÷åò-

íûì Λ
(n)
γ -ôóíêöèÿì . . . . . . . . . . . . . . . . . 45

1.6 Ðÿäû Ëåâèòàíà ïî îãðàíè÷åííûì Λ
(n)
−β -öèëèíäðè÷åñêèì

ôóíêöèÿì ïðè 0 < β < 1 . . . . . . . . . . . . . . . . . . . 46

1.6.1 Î ðàâíîìåðíîé ñõîäèìîñòè Λ−β -áåññåëåâûõ ðÿ-

äîâ Ôóðüå�Áåññåëÿ ïðè 0 < β < 1 . . . . . . . . . 47

1.6.2 Î B−β - ïðîèçâîäíûõ ðÿäîâ ïî íîðìèðîâàííûì

Λ
(n)
−β -ôóíêöèÿì ïðè 0 < β < 1 . . . . . . . . . . . 48

1.7 Ðÿäû Ôóðüå-Áåññåëÿ è Äèíè ïðè β ≥ 1 . . . . . . . . . . 49

1.7.1 Î ðàâíîìåðíîé ñõîäèìîñòè Λ−β -áåññåëåâûõ ðÿäîâ

Ôóðüå ïðè β ≥ 1 . . . . . . . . . . . . . . . . . . . 51

1.7.2 Î B−β - ïðîçâîäíûõ ðÿäîâ ïî íîðìèðîâàííûì

Λ
(n)
−β -ôóíêöèÿì ïðè β ≥ 1 . . . . . . . . . . . . . . 52

2 Çàäà÷à Êîøè äëÿ B-ãèïåðáîëè÷åñêèõ óðàâíåíèé è ïðèí-

öèï Ãþéãåíñà 53

2.1 Ñìåøàííîå FB -ïðåîáðàçîâàíèå

(Ëåâèòàíà) ðàäèàëüíîé

j-ôóíêöèè Áåññåëÿ . . . . . . . . . . . . . . . . . . . . . . 54

2.1.1 Ñôåðè÷åñêèé âåñîâîé èíòåãðàë îò ÿäðà

ñìåøàííîãî ïðåîáðàçîâàíèÿ Ëåâèòàíà . . . . . . . 54

2.1.2 Ñìåøàííîå FB -ïðåîáðàçîâàíèå ôèíèòíîé

ðàäèàëüíîé ôóíêöèè . . . . . . . . . . . . . . . . . 56

3



2.1.3 Ñìåøàííîå FB -ïðåîáðàçîâàíèå îáîáùåííîé ðàäè-

àëüíîé j-ôóíêöèè Áåññåëÿ öåëîãî,

ïîëóöåëîãî ïîðÿäêà . . . . . . . . . . . . . . . . . 62

2.1.4 Ñìåøàííîå FB -ïðåîáðàçîâàíèå îáîáùåííîé ðàäè-

àëüíîé j-ôóíêöèè Áåññåëÿ

äðîáíîãî ïîðÿäêà . . . . . . . . . . . . . . . . . . . 66

2.2 Çàäà÷à Êîøè äëÿ ñèíãóëÿðíîãî

óðàâíåíèÿ òèïà óðàâíåíèÿ Èáðàãèìîâà�Ìàìîíòîâà . . . 74

2.2.1 Ïîñòàíîâêà çàäà÷è . . . . . . . . . . . . . . . . . . 74

2.2.2 Ðåøåíèå FB -ïðåîáðàçîâàííîé çàäà÷è Êîøè . . . 77

2.2.3 Èíòåãðàëüíîå ïðåäñòàâëåíèå ðåøåíèÿ çàäà÷è

(2.2.3), (2.2.5) . . . . . . . . . . . . . . . . . . . . . 79

2.2.4 Ïðèìåð ñèíãóëÿðíîãî

óðàâíåíèÿ Èáðàãèìîâà�Ìàìîíòîâà . . . . . . . . 86

2.3 Çàäà÷à Êîøè äëÿ

Â-ãèïåðáîëè÷åñêîãî óðàâíåíèÿ ñ

îñîáåííîñòÿìè ïî ìíîãèì ïåðåìåííûì . . . . . . . . . . . 89

2.3.1 Îáùèé âèä ðåøåíèÿ çàäà÷è Êîøè äëÿ

Â-ãèïåðáîëè÷åñêîãî óðàâíåíèÿ ñ îïåðàòîðîì Áåñ-

ñåëÿ ïî âðåìåíè . . . . . . . . . . . . . . . . . . . . 90

2.3.2 A. Ôîðìóëû ðåøåíèÿ ïðè öåëîì β ≤ N + |γ| . . 92

2.3.3 B. Ôîðìóëû ðåøåíèÿ ïðè β ≤ n+ |γ|
è äðîáíîì β−1

2 . . . . . . . . . . . . . . . . . . . . 95

2.3.4 ×èñëî N + |γ| äðîáíîå . . . . . . . . . . . . . . . . 99

2.3.5 C. Ôîðìóëà ðåøåíèÿ ïðè β > N + |γ| . . . . . . . 101

2.4 Îáîáùåííûé ñèíãóëÿðíûé

ïðèíöèï Ãþéãåíñà . . . . . . . . . . . . . . . . . . . . . . . 102

3 Óðàâíåíèÿ Ýéëåðà�Ïóàññîíà�Äàðáó 106

3.1 Êðàåâûå çàäà÷è äëÿ óðàâíåíèÿ ÝÏÄ ñ îïåðàòîðîì Áåññå-

ëÿ ïî âðåìåíè . . . . . . . . . . . . . . . . . . . . . . . . . 107

4



3.2 Êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ ÝÏÄ ñ ïîëîæèòåëüíûìè

ðàçìåðíîñòÿìè

îïåðàòîðîâ Áåññåëÿ . . . . . . . . . . . . . . . . . . . . . . 108

3.2.1 Åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è (3.2.1) � (3.2.3),

(3.2.5) . . . . . . . . . . . . . . . . . . . . . . . . . 112

3.2.2 Ñóùåñòâîâàíèå ðåøåíèÿ çàäà÷è (3.2.1)�(3.2.3),

(3.2.5) . . . . . . . . . . . . . . . . . . . . . . . . . . 113

3.2.3 Àíàëîã ôîðìóëû Ïóàññîíà . . . . . . . . . . . . . 113

3.3 Êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ

ÝÏÄ ñ −1 < −β < 0 , γ > 0 . . . . . . . . . . . . . . . . . 116

3.3.1 Åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è (3.3.1) � (3.3.3)

c ãðàíè÷íûì óñëîâèåì (3.3.5) . . . . . . . . . . . . 120

3.3.2 Ñóùåñòâîâàíèå ðåøåíèÿ çàäà÷è (3.3.1) � (3.3.3) c

ãðàíè÷íûì óñëîâèåì (3.3.5) . . . . . . . . . . . . . 120

3.3.3 Àíàëîã ôîðìóëû Ïóàññîíà . . . . . . . . . . . . . . 121

3.4 Êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ ÝÏÄ ñ îïåðàòîðîì B−β,t

ïðè β ≥ 1 , γ > 0 . . . . . . . . . . . . . . . . . . . . . . . 123

3.4.1 Åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è (3.4.1) � (3.4.3)

c ãðàíè÷íûì óñëîâèåì (3.4.5) . . . . . . . . . . . . 127

3.4.2 Ñóùåñòâîâàíèå ðåøåíèÿ çàäà÷è (3.4.1) � (3.4.3) c

ãðàíè÷íûì óñëîâèåì (3.4.5) . . . . . . . . . . . . . 127

3.4.3 Àíàëîã ôîðìóëû Ïóàññîíà . . . . . . . . . . . . . . 128

Ñïèñîê ëèòåðàòóðû . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130

5



Ââåäåíèå

Àêòóàëüíîñòü òåìû äèññåðòàöèè. Â 1923 ã. ôðàíöóçñêèé ìàòåìàòèê

è ìåõàíèê Æ. Àäàìàð âûâåë ïðîñòîé êðèòåðèé îòñóòñòâèÿ äèôôóçèè

âîëí èëè, ÷òî òî æå ñàìîå, êðèòåðèé ñïðàâåäëèâîñòè ïðèíöèïà Ãþéãåí-

ñà (ÏÃ) [1]. Îäíàêî êðèòåðèé Àäàìàðà íå ñðàáàòûâàë â òåîðèè îáùèõ

ãèïåðáîëè÷åñêèõ óðàâíåíèé. Ñîîòâåòñòâóþùèå ïðèìåðû ïðèâåäåíû â

ðàáîòàõ Ãþíòåðà [56] (1965) è Èáðàãèìîâà�Ìàìîíòîâà [57] (1970).

Íî ðàíåå ñóùåñòâîâàíèå óðàâíåíèé ñ íå÷åòíûì ÷èñëîì ïðîñòðàí-

ñòâåííûõ ïåðåìåííûõ, íå óäîâëåòâîðÿþùèõ ÏÃ, îáíàðóæèë Ê. Øòåëü-

ìàõåð [63] (1955), ïîñòðîèâøèé óðàâíåíèå ñ âîëíîâûì îïåðàòîðîì â

ãëàâíîé ÷àñòè è ñ ñèíãóëÿðíûìè êîýôôèöèåíòàìè ïðè ìëàäøèõ ïðî-

èçâîäíûõ. Ä. Ôîêñ [55] (1959) ïðèâåë áîëåå ïðîñòûå ïðèìåðû ñèíãó-

ëÿðíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà, äëÿ êîòîðûõ

ïðèíöèï Àäàìàðà íå âûïîëíåí. Ïðîñòîé ïðèìåð. Äâà óðàâíåíèÿ

utt = urr +
1

r
ur + uzz, , utt = uxx + uyy + uzz , (0.0.1)

ïåðâîå èç êîòîðûõ ñîäåðæèò ÷åòíîå ÷èñëî ïðîñòðàíñòâåííûõ ïåðåìåí-

íûõ è îäíîâðåìåííî ÿâëÿåòñÿ ñëåäñòâèåì (öèëèíäðè÷åñêîé ñèììåòðèè)

âòîðîãî óðàâíåíèÿ, ñîäåðæàùåãî íå÷åòíîå ÷èñëî ïðîñòðàíñòâåííûõ ïå-

ðåìåííûõ. Áîëåå òîãî, è Ê. Øòåëüìàõåð, è Ä. Ôîêñ âûÿñíèëè, ÷òî è

çàâèñÿùèå îò ïåðåìåííîé, ïî êîòîðîé ñòàâÿòñÿ íà÷àëüíûå óñëîâèÿ (ò.å.

îò âðåìåíè), êîýôôèöèåíòû ñèíãóëÿðíûõ Â-ãèïåðáîëè÷åñêèõ óðàâíå-

íèé òèïà óðàâíåíèÿ Ýéëåðà�Ïóàññîíà�Äàðáó (ÝÏÄ) òàêæå âëèÿþò
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íà ãþéãåíñîâîñòü ðåøåíèÿ ñîîòâåòñòâóþùåé çàäà÷è Êîøè. Áîëåå ÷åòêî

ýòî ïðîÿâèëîñü â ñîâìåñòíûõ ðàáîòàõ È.À. Êèïðèÿíîâà è Ë.À. Èâàíî-

âà [28], [29] (1970-1980-å ãîäû), óñòàíîâèâøèõ ñîîòâåòñòâóþùèé ¾ñèí-

ãóëÿðíûé ïðèíöèï Ãþéãåíñà¿ äëÿ óðàâíåíèÿ òèïà ÝÏÄ, ñîäåðæàùåãî

îñîáåííîñòü òîëüêî ïî âðåìåííîé ïåðåìåííîé èëè òîëüêî ïî ïðîñòðàí-

ñòâåííûì ïåðåìåííûì. Ïîëó÷åííûé èìè ðåçóëüòàò óòî÷íèë è ñîêðàòèë

ôîðìóëèðîâêó ãþéãåíñîâîñòè ðåøåíèé, îòêðûòóþ Ä. Ôîêñîì.

Â ðàáîòå È.À. Êèïðèÿíîâà è Þ.Â. Çàñîðèíà [26]

(1991) ïîñòðîåííûå ðåøåíèÿ çàäà÷è Êîøè äëÿ óðàâíåíèÿ

utt =
n∑
1

(
uxixi +

γi

xi
uxi

)
, γi > 0 ïîçâîëèëè óòî÷íèòü ôîðìóëè-

ðîâêó ãþéãåíñîâîñòè Êèïðèÿíîâà�Èâàíîâà.

Åùå îòìåòèì ðàáîòû Ã.Ì. Êàãàíà [18], [20], âûïîëíåííûå ïîä ðó-

êîâîäñòâîì È.À. Êèïðèÿíîâà. Â îäíîé èç íèõ èññëåäîâàëîñü ìîäåëüíîå

ñèíãóëÿðíîå óðàâíåíèå òèïà óðàâíåíèÿ Èáðàãèìîâà�Ìàìîíòîâà, êîòî-

ðîå ïî îäíîé èç ïðîñòðàíñòâåííûõ ïåðåìåííûõ âêëþ÷àëî ñèíãóëÿðíûé

äèôôåðåíöèàëüíûé îïåðàòîð Áåññåëÿ. Ïîëó÷åííîå ðåøåíèå ïîçâîëè-

ëî îáîáùèòü ðåçóëüòàò Èáðàãèìîâà�Ìàìîíòîâà î ãþéãåíñîâîñòè ðå-

øåíèÿ ñîîòâåòñòâóþùåé çàäà÷è Êîøè, íî òîëüêî äëÿ îäíîé îñîáîé ïå-

ðåìåííîé. Â äðóãîé íà îñíîâå êèïðèÿíîâñêèõ âåñîâûõ ðàñïðåäåëåíèé

îïðåäåëåíî ðåøåíèå çàäà÷è Êîøè äëÿ óðàâíåíèé ÝÏÄ ñ äðîáíûìè (â

îáùåì ñëó÷àå) ðàçìåðíîñòÿìè îïåðàòîðîâ Áåññåëÿ, âõîäÿùèõ â óðàâíå-

íèå. Óñòàíîâëåíî, ÷òî ïðèíöèï Ãþéãåíñà âûïîëíÿëñÿ òîëüêî ïðè öåëîé

(íå÷åòíîé èëè ÷åòíîé) ðàçìåðíîñòè îïåðàòîðà Áåññåëÿ ïî âðåìåíè è ñ

÷åòíûìè (êàê è â ïðåäøåñòâóþùèõ ðàáîòàõ) ðàçìåðíîñòÿìè îïåðàòîðîâ

Áåññåëÿ ïî ïðîñòðàíñòâåííûì ïåðåìåííûì, ÷òî, êàê âèäíî èç ïðèâå-

äåííîãî âûøå ïðèìåðà (0.0.1), ëèøü ïîäòâåðäèëî êëàññè÷åñêóþ òåîðå-

ìó Àäàìàðà î âîçìîæíîñòè âûïîëíåíèÿ ÏÃ ðåøåíèé çàäà÷è Êîøè äëÿ

óðàâíåíèÿ ÝÏÄ ñ öåëûìè ðàçìåðíîñòÿìè îïåðàòîðîâ Áåññåëÿ. Îñòà-

ëàñü íå âûÿñíåíà âîçìîæíîñòü âûïîëíåíèÿ ÏÃ ðåøåíèÿ çàäà÷è Êîøè

äëÿ äðîáíûõ ðàçìåðíîñòåé îïåðàòîðîâ Áåññåëÿ ïî ïðîñòðàíñòâåííûì

ïåðåìåííûì.

Òàêèì îáðàçîì, çàäà÷à î âîçìîæíîñòè âûïîëíåíèÿ ÏÃ ðåøåíèÿ
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çàäà÷è Êîøè äëÿ óðàâíåíèÿ ÝÏÄ ñ äðîáíûìè ðàçìåðíîñòÿìè îïåðàòî-

ðîâ Áåññåëÿ ïî ïðîñòðàíñòâåííûì ïåðåìåííûì îñòàåòñÿ íå èññëåäîâàí-

íîé. Òàêèå çàäà÷è èññëåäóþòñÿ íà îñíîâå ôîðìóë ðåøåíèÿ ñîîòâåòñòâó-

þùåé çàäà÷è Êîøè. Ïîýòîìó èññëåäîâàíèÿ äèññåðòàöèè àêòóàëüíû äëÿ

òåîðèè ñèíãóëÿðíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé.

Àêòóàëüíîñòü òåìû äèññåðòàöèè âûòåêàåò òàêæå èç íåêîòîðûõ

ïðîáëåì ôóíäàìåíòàëüíîé ôèçèêè, èç-çà íåîáõîäèìîñòè ïðèâëåêàòü

äîïîëíèòåëüíûå ðàçìåðíîñòè ïðîñòðàíñòâà äëÿ îáúÿñíåíèÿ ôèçè÷å-

ñêèõ ÿâëåíèé ìèêðîìèðà è ìàêðîìèðà. Íîâûå ïåðåìåííûå ñâÿçàíû

ñèììåòðèÿìè. Íî åñëè ñèììåòðèÿ âîîáðàæàåìûõ ïåðåìåííûõ ñôåðè÷å-

ñêàÿ, à àðãóìåíò èññëåäóåìîé ôóíêöèè ïðèõîäèòñÿ ñ÷èòàòü äðîáíûì,

òî îòëè÷àòü äèôôóçèîííûå ïðîöåññû îò ãþéãåíñîâûõ òðåáóåò ñîîòâåò-

ñòâóþùåãî êðèòåðèÿ.

Â äèññåðòàöèè ïîñòðîåíû ðåøåíèÿ ñèíãóëÿðíîãî ãèïåðáîëè÷åñêî-

ãî óðàâíåíèÿ â îáùåì ñëó÷àå, âêëþ÷àþùåãî è öåëûå, è äðîáíûå ðàçìåð-

íîñòè îïåðàòîðîâ Áåññåëÿ, äåéñòâóþùåãî è ïî âðåìåíè, è ïî ïðîñòðàí-

ñòâåííûì ïåðåìåííûì. Ïîëó÷åíû ôîðìóëû ðåøåíèÿ, îáîáùàþùèå ðà-

íåå èçâåñòíûå èç ðàáîò È.À. Êèïðèÿíîâà è åãî ó÷åíèêîâ. Êàê ñëåäñòâèå

ïîëó÷åííûõ ôîðìóë, èññëåäîâàí âîïðîñ î äèôôóçèè è ãþéãåíñîâîñòè

ðåøåíèÿ çàäà÷è Êîøè äëÿ óðàâíåíèé Ýéëåðà�Ïóàññîíà�Äàðáó ñ äðîá-

íûìè ðàçìåðíîñòÿìè îïåðàòîðîâ Áåññåëÿ.

Òàêèì îáðàçîì, òåìà èññëåäîâàíèé àêòóàëüíà äëÿ ïðîáëåì ñèí-

ãóëÿðíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé è ôóíäàìåíòàëüíûõ ïðîáëåì

ôèçèêè.

Öåëü ðàáîòû. Öåëüþ ðàáîòû ÿâëÿåòñÿ èçó÷åíèå B-

ãèïåðáîëè÷åñêèõ óðàâíåíèé ñ îïåðàòîðîì Áåññåëÿ ïî âðåìåíè.

Äëÿ äîñòèæåíèÿ ïîñòàâëåííîé öåëè â ðàáîòå ðåøàþòñÿ ñëåäóþ-

ùèå çàäà÷è:

1. Ïîñòðîåíèå ïîëíîãî ñèíãóëÿðíîãî àíàëîãà óðàâíåíèÿ

Èáðàãèìîâà�Ìàìîíòîâà è èññëåäîâàíèå îáëàñòè çàâèñèìîñòè ðå-

øåíèÿ (äèôôóçèîííîñòü èëè ãþéãåíñîâîñòü ðåøåíèÿ).

2. Íàõîæäåíèå âåñîâûõ ðàñïðåäåëåíèé Êèïðèÿíîâà è ïîëó÷åíèå
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íà èõ îñíîâå ðåøåíèÿ çàäà÷è Êîøè äëÿ óðàâíåíèÿ Ýéëåðà�Ïóàññîíà�

Äàðáó äëÿ äðîáíûõ è öåëûõ èíäåêñîâ ðàçìåðíîñòè îïåðàòîðîâ Áåññåëÿ,

âõîäÿùèõ â óðàâíåíèå.

3. Èññëåäîâàíèå äëÿ êàêèõ èç ïîëó÷åííûõ ðåøåíèé âûïîëíÿåòñÿ

ïðèíöèï Ãþéãåíñà è ñðàâíåíèå óñëîâèé åãî âûïîëíåíèÿ ñ óæå èçâåñò-

íûìè èç ðàáîò Ä.Ôîêñà, È.À. Êèïðèÿíîâà è åãî ó÷åíèêîâ.

4. Ïîñòðîåíèå ðåøåíèÿ íà÷àëüíî-ãðàíè÷íîé (êðàåâîé) çàäà÷è

ïåðâîãî, âòîðîãî è òðåòüåãî ðîäà äëÿ óðàâíåíèÿ Ýéëåðà�Ïóàññîíà�

Äàðáó ñ ðàçíûìè èíäåêñàìè ðàçìåðíîñòè îïåðàòîðîâ Áåññåëÿ, â òîì

÷èñëå äëÿ Â-ãèïåðáîëè÷åñêîãî óðàâíåíèÿ ñ îïåðàòîðîì Áåññåëÿ ïî âðå-

ìåíè ñ îòðèöàòåëüíîé ðàçìåðíîñòüþ. Ïîëó÷åíèå ïðåäñòàâëåíèÿ ðåøå-

íèé â âèäå ñîîòâåòñòâóþùåé ôîðìóëû Ïóàññîíà, ïîðîæäåííîé ñïåöè-

àëüíîãî ðîäà ñäâèãîì, âîçíèêàþùåì îò ïðîèçâåäåíèÿ öèëèíäðè÷åñêèõ

ôóíêöèé ðàçíûõ ïîðÿäêîâ.

Íàó÷íàÿ íîâèçíà è çíà÷èìîñòü ïîëó÷åííûõ ðåçóëüòàòîâ.

Ñëåäóþùèå ðåçóëüòàòû ðàáîòû ÿâëÿþòñÿ íîâûìè.

1. Íîâûì ÿâëÿåòñÿ ïîëíûé ñèíãóëÿðíûé àíàëîã óðàâíåíèÿ

Èáðàãèìîâà�Ìàìîíòîâà. Íàéäåíû îáëàñòè çàâèñèìîñòè ðåøåíèÿ ñî-

îòâåòñòâóþùåé çàäà÷è Êîøè ýòîãî óðàâíåíèÿ.

2. Íà îñíîâå âåñîâûõ ðàñïðåäåëåíèé, íàçâàííûõ â ðàáî-

òå ¾ôóíêöèîíàëàìè Êèïðèÿíîâà¿, ïîëó÷åíû ôîðìóëû ñìåøàííî-

ãî FBγ
-ïðåîáðàçîâàíèÿ ðàäèàëüíîé j-ôóíêöèè Áåññåëÿ ïîðÿäêà

µ = β−1
2 ≥ − 1

2 . Ïîëó÷åííûå ôîðìóëû ïîçâîëèëè íàéòè îáîáùåííûå

âåñîâûå ðåøåíèÿ ñîîòâåòñòâóþùåé çàäà÷è Êîøè. Ýòè ðåøåíèÿ ÿâëÿ-

þòñÿ íîâûìè.

3. Ñôîðìóëèðîâàííûé â ðàáîòå ¾îáîáùåííûé ñèíãóëÿðíûé ïðèí-

öèï Ãþéãåíñà¿ îáîáùàåò èçâåñòíûå è ÿâëÿåòñÿ íîâûì.

4. Ïîëó÷åíû ôîðìóëû ðåøåíèÿ êðàåâîé çàäà÷è (ïåðâîãî, âòîðî-

ãî, è òðåòüåãî ðîäà) äëÿ óðàâíåíèÿ Ýéëåðà�Ïóàññîíà�Äàðáó ñ ðàçëè÷-

íûìè ðàçìåðíîñòÿìè îïåðàòîðîâ Áåññåëÿ (â òîì ÷èñëå ñ îòðèöàòåëüíîé

ðàçìåðíîñòüþ îïåðàòîðà Áåññåëÿ ïî âðåìåíè).

Ìåòîäû èññëåäîâàíèÿ. Â ðàáîòå èñïîëüçóþòñÿ èíòåãðàëüíûå
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ïðåîáðàçîâàíèÿ Ôóðüå è Áåññåëÿ (Ëåâèòàíà, Êèïðèÿíîâà�Êàòðàõîâà),

à òàêæå ìåòîäû òåîðèè ôóíêöèé, ôóíêöèîíàëüíîãî àíàëèçà, äèôôå-

ðåíöèàëüíûõ óðàâíåíèé è ìåòîäû, ðàçâèòûå â ðàáîòàõ íàó÷íîé øêîëû

È. À. Êèïðèÿíîâà ïðè èññëåäîâàíèè ñèíãóëÿðíûõ äèôôåðåíöèàëüíûõ

óðàâíåíèé.

Ïðàêòè÷åñêàÿ çíà÷èìîñòü è òåîðåòè÷åñêàÿ çíà÷èìîñòü.

Ðàáîòà íîñèò òåîðåòè÷åñêèé õàðàêòåð. Ïîëó÷åííûå â íåé ðåçóëüòàòû

ìîãóò áûòü èñïîëüçîâàíû ïðè èññëåäîâàíèè ðåøåíèé è äðóãèõ êëàñ-

ñîâ äèôôåðåíöèàëüíûõ óðàâíåíèé. Êðîìå òîãî, âîçìîæíî èñïîëüçî-

âàíèå ðåçóëüòàòîâ äèññåðòàöèîííîãî èññëåäîâàíèÿ ïðè ÷òåíèè êóðñîâ

ïî âûáîðó â óíèâåðñèòåòàõ äëÿ ìàãèñòðàíòîâ è àñïèðàíòîâ ôèçèêî-

ìàòåìàòè÷åñêèõ ñïåöèàëüíîñòåé

Àïðîáàöèÿ ðàáîòû. Îñíîâíûå ðåçóëüòàòû ðàáîòû äîêëàäûâà-

ëèñü è îáñóæäàëèñü íà Ìåæäóíàðîäíîé êîíôåðåíöèè "Ñîâðåìåííûå

ìåòîäû è ïðîáëåìû òåîðèè îïåðàòîðîâ è ãàðìîíè÷åñêîãî àíàëèçà è èõ

ïðèëîæåíèÿ"â ã. Ðîñòîâå-íà-Äîíó â 2017, 2018 è 2019 ãã., íà Ìåæäóíà-

ðîäíîé êîíôåðåíöèè "Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ñìåæíûå ïðî-

áëåìû"â ã. Ñàìàðå â 2017 ã., â Âîðîíåæñêîé çèìíåé ìàòåìàòè÷åñêîé

øêîëå â 2018 ã., íà Ìåæäóíàðîäíîé êîíôåðåíöèè "Äèôôåðåíöèàëüíûå

óðàâíåíèÿ è ñìåæíûå ïðîáëåìû"â ã. Ñòåðëèòàìàêå â 2018 ã., íà Ìåæ-

äóíàðîäíîé êîíôåðåíöèè ïî äèôôåðåíöèàëüíûì óðàâíåíèÿì è äèíà-

ìè÷åñêèì ñèñòåìàì â ã. Ñóçäàëå â 2018 ã., íà Ìåæäóíàðîäíîì ñåìèíàðå

AMADE â ã. Ìèíñêå â 2018 ã., íà Ìåæäóíàðîäíîé êîíôåðåíöèè, ïîñâÿ-

ùåííîé 80-ëåòèþ àêàäåìèêà ÐÀÍ Â. À. Ñàäîâíè÷åãî ã. Ìîñêâå â 2019ã.

Ïóáëèêàöèè. Îñíîâíûå ðåçóëüòàòû äèññåðòàöèè îïóáëèêîâà-

íû â ðàáîòàõ [7], [8], [9], [10], [11], [12], [13], [14], [37], [38], [39], [59],

[60], [61], [64], [65], [66]. Â ñîâìåñòíûõ ðàáîòàõ [37], [38], [39], [59],

[60], [61] Ë. Í. Ëÿõîâó ïðèíàäëåæèò ïîñòàíîâêà çàäà÷. Â ðàáîòå [61]

Å. Ë. Ñàíèíîé ïðèíàäëåæàò äîêàçàòåëüñòâà îðòîãîíàëüíîñòè ñèñòåì

Â-öèëèíäðè÷åñêèõ ôóíêöèé è ñõîäèìîñòè ðÿäîâ Ôóðüå�Áåññåëÿ è Äè-

íè ïî j-ôóíêöèÿì Áåññåëÿ. Äîêàçàòåëüñòâà îñíîâíûõ ðåçóëüòàòîâ ïî

ïîñòðîåíèþ è èññëåäîâàíèþ ðåøåíèé ïîëó÷åíû ëè÷íî äèññåðòàíòîì.

10



Ðàáîòû [59], [60], [61] îïóáëèêîâàíû â æóðíàëàõ èç ïåðå÷íÿ ÂÀÊ Ìè-

íèñòåðñòâà íàóêè è âûñøåãî îáðàçîâàíèÿ ÐÔ.

Ñòðóêòóðà è îáúåì äèññåðòàöèè. Äèññåðòàöèÿ ñîñòîèò

èç ââåäåíèÿ, òðåõ ãëàâ è ñïèñêà öèòèðóåìîé ëèòåðàòóðû, âêëþ÷àþùåãî

66 íàèìåíîâàíèé. Îáùèé îáúåì äèññåðòàöèè 137 ñòð.

Êðàòêîå ñîäåðæàíèå äèññåðòàöèè.

Âî ââåäåíèè äàåòñÿ îáîñíîâàíèå àêòóàëüíîñòè âûáðàííîé òåìû,

ïðèâîäèòñÿ ìåòîäèêà èññëåäîâàíèÿ, äàí êðàòêèé îáçîð ñîäåðæàíèÿ äèñ-

ñåðòàöèè è ïðèâåäåíû îñíîâíûå íàó÷íûå ðåçóëüòàòû.

Íóìåðàöèÿ èçëîæåííûõ íèæå óòâåðæäåíèé ñîâïàäàåò ñ íóìåðà-

öèåé â äèññåðòàöèè.

Â ãëàâå 1 ââîäÿòñÿ îñíîâíûå îïðåäåëåíèÿ, èçâåñòíûå ñîîòíîøå-

íèÿ è ôîðìóëû, èñïîëüçóåìûå âî âòîðîé è òðåòüåé ãëàâàõ.

Ïîëîæèì x = (x′, x′′) ∈ R+
N = R+

n × RN−n, ãäå

x′ ∈ R+
n = {x′ : x1 > 0, ..., xn > 0} , x′′ = (xn−1, . . . , xN ) ∈ RN−n. Ñ÷è-

òàåì, ÷òî íàòóðàëüíûå ÷èñëà n è N ôèêñèðîâàíû è ñâÿçàíû óñëîâèåì

n ≤ N .

Äâîéñòâåííîå ïðîñòðàíñòâî, ïîðîæäàåìîå âåñîâîé ëèíåéíîé ôîð-

ìîé

(u , v)γ =

∫
RN

u(x) v(x) (x′)γ dx , (x′)γ =
n∏

i=1

(x2i )
γi
2

áóäåì îáîçíà÷àòü S ′
ev = S ′

ev(R
+
N ) è íàçûâàòü ïðîñòðàíñòâîì óìåðåí-

íûõ âåñîâûõ ðàñïðåäåëåíèé (âåñîâûõ îáîáùåííûõ ôóíêöèé). Ê ðåãó-

ëÿðíûì âåñîâûì ðàñïðåäåëåíèÿì îòíîñèì ëîêàëüíî èíòåãðèðóåìûå ñ

âåñîì (x′)γ ôóíêöèè, íå áîëåå ÷åì ñòåïåííîãî ðîñòà.

Ðàññìàòðèâàþòñÿ èíòåãðàëüíûå ïðåîáðàçîâàíèÿ Ôóðüå è äâà

âèäà ïðåîáðàçîâàíèé Áåññåëÿ, ââåäåííûå Á.Ì. Ëåâèòàíîì (äàëåå

FB -ïðåîáðàçîâàíèå) è È.À. Êèïðèÿíîâûì, Â.Â. Êàòðàõîâûì (äà-

ëåå FB -ïðåîáðàçîâàíèå). Ââîäèòñÿ ñìåøàííîå ïðåîáðàçîâàíèå Ôóðüå�

Ëåâèòàíà�Êèïðèÿíîâà�Êàòðàõîâà. ßäðîì ýòîãî ñìåøàííîãî ïðåîáðà-
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çîâàíèÿ ÿâëÿþòñÿ ôóíêöèè

eγ(x, ξ) =

n∏
k=1

[
j γk−1

2

(xkξk)− i
xkξk
γ + 1

j γk+1

2

(xkξk)

]
e−i⟨x′′,ξ′′⟩,

ãäå γ = (γ1, . . . , γn) � ôèêñèðîâàííûé ìóëüòèèíäåêñ èç ïîëîæèòåëü-

íûõ ÷èñåë; jν � ÷åòíàÿ j-ôóíêöèÿ Áåññåëÿ ïîðÿäêà ν , ñâÿçàííàÿ

ñ ôóíêöèåé Áåññåëÿ ïåðâîãî ðîäà (è òîãî æå ïîðÿäêà) ðàâåíñòâîì

jν(s) = C(ν)Jν(s)
sν , ν > − 1

2 ;
s

γ+1jν(s) � íå÷åòíàÿ j-ôóíêöèÿ Áåññå-

ëÿ; ⟨x′′, ξ′′⟩ � ñêàëÿðíîå ïðîèçâåäåíèå âåêòîðîâ èç RN−n . Ñìåøàííîå

ïðÿìîå è îáðàòíîå ïðåîáðàçîâàíèÿ Ôóðüå�Ëåâèòàíà�Êèïðèÿíîâà�

Êàòðàõîâà (ñìåøàííîå FB -ïðåîáðàçîâàíèÿ) îïðåäåëÿþòñÿ âûðàæåíè-

ÿìè

FB [f ](ξ) =

∫
RN

f(x) eγ(x, ξ) (x
′)γ dx , F−1

B [f ](x) =
C(γ)

(2π)
N−n

2

FB [f ](−x).

(1.1.1)

Èçâåñòíî (Êèïðèÿíîâ, Êàòðàõîâ), ÷òî ýòè ïðåîáðàçîâàíèÿ îáðà-

òèìû íà êëàññå îñíîâíûõ ôóíêöèé Sev+ , ñîñòîÿùåì èç ôóíêöèé Sev

è èõ ïåðâûõ ïðîèçâîäíûõ ïî íàïðàâëåíèÿì xi, i = 1, . . . , n îò ýòèõ

ôóíêöèé. Ïðè γ → 0 ýòî ïðåîáðàçîâàíèå ñòðåìèòñÿ ê êëàññè÷åñêîìó

ïðåîáðàçîâàíèþ Ôóðüå. Ìíîãîìåðíîå ïðåîáðàçîâàíèå Ëåâèòàíà è ïðå-

îáðàçîâàíèå Êèïðèÿíîâà�Êàòðàõîâà îïðåäåëÿåòñÿ ïî ôîðìóëàì (1.1.1)

ñ ÿäðàìè
∏n

1 j γi−1

2
è
∏n

1
xiξi
γi+1 j γi+1

2
ñîîòâåòñòâåííî.

Â ïåðâîé ãëàâå òàêæå ïðèâåäåíû ñâåäåíèÿ î ðÿäàõ Ôóðüå�

Áåññåëÿ è Äèíè ïî ÷åòíûì è íå÷åòíûì j-ôóíêöèÿì Áåññåëÿ. Â-

öèëèíäðè÷åñêèå ôóíêöèè � ýòî ðåøåíèÿ ñèíãóëÿðíîãî óðàâíåíèÿ Áåñ-

ñåëÿ

Bγu(λx) + λ2u(λx) = 0 , Bγ =
d2

dx2
+
γ

x

d

dx
, γ ∈ R1. (1.2.2)

Ïóñòü γ > 0 . Òîãäà ôóíäàìåíòàëüíûé íàáîð ðåøåíèé ýòîãî óðàâíåíèÿ

ñîñòîèò èç Â-öèëèíäðè÷åñêèõ ôóíêöèé jν , è Yν , ν = γ−1
2 . Ïåðâàÿ

èç íèõ íàçûâàåòñÿ j-ôóíêöèåé Áåññåëÿ, âòîðàÿ � j-ôóíêöèåé Íåéìà-

íà. Â êà÷åñòâå ñïåêòðàëüíîé ôóíêöèè ðàññìàòðèâàåòñÿ ïåðâàÿ èç íèõ.
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Ñïåêòðàëüíûé ïàðàìåòð λ = λk ÿâëÿåòñÿ êîðíåì îäíîãî èç óðàâíåíèé

i) jν(λn) = 0, n = 1, 2, . . . ;

ii) j ′
ν(λn)=0 (jν+1(λn)=0), n = 1, 2, . . . ;

iii) λn j
′
ν(λn) +Hjν(λn) = 0, n = 1, 2, . . . ,

ãäå H � íåêîòîðàÿ äàííàÿ ïîñòîÿííàÿ. Ñëåäóÿ êëàññè÷åñêèì êàíîíàì,

ñèñòåìû ôóíêöèé i) è ii) áóäåì íàçûâàòü ñèñòåìàìè Ôóðüå�Áåññåëÿ, à

iii) � ñèñòåìîé Äèíè.

Ïðè γ = −β , 0 < β < 1 äëÿ ðàçëîæåíèÿ ôóíêöèé â ðÿäû Ôóðüå

ïî ðåøåíèÿì óðàâíåíèÿ (1.2.2) ìû èñïîëüçóåì îãðàíè÷åííîå ðåøåíèå

j−µ , ïîëó÷àþùååñÿ ôîðìàëüíîé çàìåíîé èíäåêñà ïîðÿäêà j-ôóíêöèè

Áåññåëÿ jν íà èíäåêñ −µ = −β+1
2 .

Ïðè γ = −β è β > 1 äëÿ ðàçëîæåíèÿ ôóíêöèé â ðÿäû Ôó-

ðüå ïî ðåøåíèÿì óðàâíåíèÿ (1.2.2) ìû èñïîëüçóåì íåîãðàíè÷åííîå (ïðè

t→ ∞ ) ðåøåíèå J∗µ ïîëîæèòåëüíîãî ïîðÿäêà µ = β+1
2 ñëåäóþùåãî âè-

äà

J∗µ(t) = tµ Jµ(t) = tµ
∞∑

m=0

(−1)m

m! Γ (µ+m+ 1)

(
t

2

)2m+µ

, µ=
β+1

2
.

Â ãëàâå 2 èçó÷àåòñÿ äåéñòâèå íà j-ôóíêöèþ Áåññåëÿ âåùåñòâåí-

íîãî ïîðÿäêà µ = β−1
2 ≥ − 1

2 ñìåøàííîãî FB -ïðåîáðàçîâàíèÿ (Ëåâè-

òàíà). Íàõîäÿòñÿ ÿâíûå ïðåäñòàâëåíèÿ òàêèõ ïðåîáðàçîâàíèé (â çàâè-

ñèìîñòè îò çíà÷åíèé ïîðÿäêà µ ), êîòîðûå èñïîëüçóþòñÿ ïðè èçó÷åíèè

çàäà÷è Êîøè äëÿ óðàâíåíèé B-ãèïåðáîëè÷åñêîãî òèïà ñ îïåðàòîðàìè

Áåññåëÿ ïî âðåìåííîé è ïðîñòðàíñòâåííûì ïåðåìåííûì. Ôîðìóëû ðå-

øåíèé ñòðîÿòñÿ c ïîìîùüþ èíòåãðàëüíûõ ïðåîáðàçîâàíèé Ëåâèòàíà è

Ëåâèòàíà�Êèïðèÿíîâà�Êàòðàõîâà. Èññëåäóþòñÿ îáëàñòè çàâèñèìîñòè

ðåøåíèé, à òàêæå âûäåëÿþòñÿ óñëîâèÿ ñïðàâåäëèâîñòè ïðèíöèïà Ãþé-

ãåíñà.

Òåîðåìà 2.1.1 Ïóñòü N ≥ 2 , n ≥ 1 � ôèêñèðîâàííûå íàòó-

ðàëüíûå ÷èñëà è γ = (γ1, . . . , γn) � ìóëüòèèíäåêñ, ñîñòîÿùèé èç ôèê-

ñèðîâàííûõ ïîëîæèòåëüíûõ ÷èñåë. FBγ
-ïðåîáðàçîâàíèå îïðåäåëåíî íà
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îñíîâå j-ôóíêöèé Áåññåëÿ jν , ïîðÿäêîâ νi = γi−1
2 , à jµ �j-ôóíêöèÿ

Áåññåëÿ ïîðÿäêà µ = β−1
2 è èíäåêñû β ≥ 0 è γi ≥ 0 ÿâëÿþòñÿ ðàç-

ìåðíîñòüþ ñîîòâåòñòâóþùèõ îïåðàòîðîâ Áåññåëÿ.

Ïðè µ > N+|γ|−1
2 , (β > N + |γ|) îáðàòíîå FB -ïðåîáðàçîâàíèå

îò ôèíèòíîé ðàäèàëüíîé ôóíêöèè

ψa,µ(|ξ|) =

{
(a2 − |ξ|2)µ−

N+|γ|
2 , ξ ∈ {|ξ| < a}+ ,

0, ξ /∈ {|ξ| < a}+ .

âûðàæàåòñÿ ôîðìóëîé

F−1
B [ψa,µ](x) = A(N,n, µ, γ) a2µ jµ(a|x|). (2.1.5)

Ñëåäñòâèå 2.1.1 Ïóñòü N ≥ 2 , n ≥ 1 � ôèêñèðîâàííûå íà-

òóðàëüíûå ÷èñëà è γ � ìóëüòèèíäåêñ, ñîñòîÿùèé èç ôèêñèðîâàííûõ

ïîëîæèòåëüíûõ ÷èñåë, {|ξ| < a}+ = {ξ : |ξ|<a, ξ1 > 0, . . . , ξn > 0} �

n -ïîëóøàð â R+
n,N .

Ïðè µ > N+|γ|−1
2 (β > N + |γ|) ñïðàâåäëèâî ðàâåíñòâî

FB [jµ(a |x|)](ξ) = FB [jµ(a |x|)](|ξ|) =

=


(a2−|ξ|2)µ−N+|γ|

2

a2µ A(µ,N,n,γ) , ξ ∈ {|ξ| < a}+ ,

0 , ξ /∈ {|ξ| < a}+ ,

(2.1.9)

ãäå

A(N,n, µ, γ) =
π

n−N
2

2N−n+|γ|

Γ
(
µ+ 1− N+|γ|

2

)
Γ(µ+ 1)

∏n
i=1 Γ

(
γi+1
2

) .
Ïðè − 1

2 ≤ µ ≤ N+|γ|−1
2 FB -ïðåîáðàçîâàíèå ôóíêöèè jµ(a |x|) â

êëàññè÷åñêîì ñìûñëå íå ñóùåñòâóåò, îäíàêî, îíî ìîæåò áûòü âû÷èñëåíî

â ðàìêàõ òåîðèè îáîáùåííûõ âåñîâûõ ôóíêöèé.

Ïðåäïîëîæèì, ÷òî ðàçìåðíîñòè γi òàêîâû, ÷òî |γ| = γ1+ . . .+γn

� íàòóðàëüíîå ÷èñëî. Ââåäåì ðàñïðåäåëåíèÿ Êèïðèÿíîâà Iαa íà ñôåðå ,
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êîòîðûå îïðåäåëèì ïðè ÷åòíûõ è íå÷åòíûõ N+|γ| â âèäå ñèíãóëÿðíûõ
îáîáùåííûõ ôóíêöèé èç S ′ , íîñèòåëè êîòîðûõ ñîñðåäîòî÷åíû íà N -

ïîëóñôåðå â R+
N , è êîòîðûå äåéñòâóþò íà îñíîâíûå ôóíêöèè φ ∈ Sev

ïî ôîðìóëàì

a) ïðè ÷åòíîì N + |γ|

(
Ika , φ

)
γ
=

1

a2k

(
1

a

d

da

)N+|γ|
2 −k−1 [

aN+|γ|−2

∫
S+
1 (N)

φ(aξ) (ξ′)γ dS(ξ)

]
,

(2.1.10)

b) ïðè íå÷åòíîì N + |γ|

(
I
k− 1

2
a , φ

)
γ
=

1

a2k−1

(
1

a

d

da

)N+|γ|−1
2 −k [

aN+|γ|−2

∫
S+
1 (N)

φ(aξ) (ξ′)γ dS(ξ)

]
.

(2.1.11)

Òåîðåìà 2.1.3 Ïóñòü |γ| � íàòóðàëüíîå ÷èñëî. FBγ -

Ïðåîáðàçîâàíèå ôóíêöèè jµ(a |x|) , ïîíèìàåìîå â ñìûñëå ïðîñòðàíñòâà
S′
ev , ïðè µ = k èëè µ = k − 1

2 , ãäå k öåëîå, 0 ≤ k ≤ N+|γ|−1
2

(0 ≤ β ≤ N + |γ|) , èìååò âèä

a) ïðè ÷åòíîì N + |γ| ≥ 2 è µ = β−1
2 = k (ò.å. β = 2k + 1 �

íå÷åòíîå ÷èñëî)

FBγ
[jk(a|x|)](ξ) = Ak(N,n, γ) · Ika , (2.1.12)

ãäå

Ak(N,n, γ) = 2k+
N+|γ|

2 −nΓ(k + 1)π
N−n

2

n∏
i=1

Γ

(
γi + 1

2

)
;

b) ïðè íå÷åòíîì N + |γ| ≥ 3 è µ = β−1
2 = k − 1/2 (ò.å. β = 2k

� ÷åòíîå ÷èñëî)

FBγ [jk− 1
2
(a|x|)](ξ) = Ak− 1

2
(N,n, γ) · Ik−

1
2

a . (2.1.13)

ãäå

Ak− 1
2
(N,n, γ) = 2k−

1
2+

N+|γ|
2 −nΓ

(
k +

1

2

)
π

N−n
2

n∏
i=1

Γ

(
γi + 1

2

)
.
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Ââåäåì îáîáùåííûå ôóíêöèè âèäà I
k− 1

2−δ
a â ñëó÷àå íå÷åòíîãî

N + |γ| ≥ 3 è Ik−δ
a , I−δ1

a â ñëó÷àå ÷åòíîãî N + |γ| ≥ 2 . Èõ äåéñòâèå

íà îñíîâíûå ôóíêöèè φ ∈ Sev îïðåäåëèì ïî ïðàâèëàì

(Ik−δ
a , φ) =

2

Γ(1− δ)

1∫
0

z2k−1(1− z2)−δ×

× 1

a2k−2

(
1

a

d

da

)N+|γ|
2 −k [

aN+|γ|−2

∫
S+
1 (N)

φ(azξ) (ξ′)γ dS(ξ)

]
dz ; (2.1.17)

(I−δ1
a , φ) =

2

Γ(1− δ1)

1∫
0

z(1− z2)−δ1×

× (a
d

da
+2−2δ1)

(
1

a

d

da

)N+|γ|−2
2

[
aN+|γ|−2

∫
S+
1 (N)

φ(azξ) (ξ′)γ dS(ξ)

]
dz ;

(2.1.18)

(I
k− 1

2−δ
a , φ) =

2

Γ(1− δ)

1∫
0

z2k−2(1− z2)−δ ×

× 1

a2k−3

(
1

a

d

da

)N+|γ|+1
2 −k [

aN+|γ|−2

∫
S+
1 (N)

φ(azξ) (ξ′)γ dS(ξ)

]
dz .

(2.1.19)

Â îòëè÷èå îò îáîáùåííûõ ôóíêöèé (2.1.10) è (2.1.11), íîñèòåëè êîòî-

ðûõ ðàñïîëîæåíû íà ñôåðå |x|=a , ýòè îáîáùåííûå ôóíêöèè èìåþò

íîñèòåëè â øàðå |x| < a .

Òåîðåìà 2.1.4 Ïóñòü |γ| = γ1+ . . .+γn � íàòóðàëüíîå ÷èñëî è

k � íàòóðàëüíîå ÷èñëî, óäîâëåòâîðÿþùåå óñëîâèþ 1 ≤ k ≤ N+|γ|+1
2 è

ïóñòü ïðàâèëüíûå äðîáè δ è δ1 (δ ∈ [0, 1), δ1 ∈ [0, 12 ]) îïðåäåëåíû òàê,

÷òîáû äëÿ ÷èñëà µ , − 1
2 < µ ≤ N+|γ|

2 èìåëî ìåñòî îäíî èç ïðåäñòàâ-

ëåíèé (2.1.17)�(2.1.19). FB -Ïðåîáðàçîâàíèå ôóíêöèè jµ(a |x|) , ïîíè-
ìàåìîå â ñìûñëå ïðîñòðàíñòâà îáîáùåííûõ ôóíêöèé S ′

ev , èìååò âèä
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1) ïðè ÷åòíîì N + |γ| ≥ 2 , − 1
2 < k−δ ≤ N+|γ|

2 , k∈N

FB [jk−δ(a|x|)](|ξ|) = Ak−δ(N,n, γ) · Ik−δ
a , (2.1.20)

ãäå

Ak−δ(N,n, γ) = 2k−1+
N+|γ|

2 −nΓ(k + 1− δ)π
N−n

2

n∏
i=1

Γ

(
γi + 1

2

)
,

µ = −δ1 , FB [jµ(a|x|)](|ξ|) = A−δ1(N,n, γ) · I−δ1
a , (2.1.21)

ãäå

A−δ1(N,n, γ) = 2
N+|γ|

2 −n−1Γ(1− δ1)π
N−n

2

n∏
i=1

Γ

(
γi + 1

2

)
;

2) ïðè íå÷åòíîì N + |γ| ≥ 3

µ = k−1

2
− δ , FB [jµ(a|x|)](ξ) = Ak− 1

2−δ(N,n, γ) · I
k− 1

2−δ
a , (2.1.22)

ãäå

Ak− 1
2−δ(N,n, γ) = 2k−

3
2+

N+|γ|
2 −nΓ

(
k +

1

2
− δ

)
π

N−n
2

n∏
i=1

Γ

(
γi + 1

2

)
.

Â ïóíêòå 2.2 ðàññìîòðåí ïîëíûé ñèíãóëÿðíûé àíàëîã óðàâíåíèÿ

Èáðàãèìîâà�Ìàìîíòîâà, à èìåííî

utt−uxx−
n−1∑
i,j=1

ai,j(x−t) (DB)iju = 0, (DB)ij =

{
∂

∂yi

∂
∂yj

, i ̸= j,
∂2

∂y2
i
+γi

yi

∂
∂yi

, i = j

(2.2.3)

ñ íà÷àëüíûìè óñëîâèÿìè

u|t=0 = 0, ut|t=0 = f(x, y). (2.2.5)

ò.å ýòî òî÷íàÿ êîïèÿ óðàâíåíèÿ Èáðàãèìîâà�Ìàìîíòîâà, ëèøü ðîëü

âòîðûõ ïðîèçâîäíûõ âûïîëíÿþò ðàçëè÷íûå îïåðàòîðû Áåññåëÿ. Ðå-

øåíèå ýòîãî óðàâíåíèÿ íàõîäèòñÿ ïî ñõåìå Èáðàãèìîâà�Ìàìîíòîâà
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ïðèìåíåíèåì ñìåøàííîãî FB -ïðåîáðàçîâàíèÿ (Ôóðüå�Ëåâèòàíà�

Êèïðèÿíîâà�Êàòðàõîâà). Â ðåçóëüòàòå ïîëó÷èì

u(t, x, y) =
1

2cγ

x+t∫
x−t

(
FBλ̄→ζ

[j0(k|λ̄|)](ζ) , T y
Pζf(ξ, Pζ)

)
γ
dξ , (2.2.9)

ãäå T y
x � îáîáùåííûé ñäâèã Ïóàññîíà. Ôîðìóëû FB -ïðåîáðàçîâàíèÿ

ðàäèàëüíîé ôóíêöèè Áåññåëÿ ïðîèçâîëüíîãî ïîðÿäêà µ > − 1
2 ïîëó÷å-

íû â òåîðåìàõ 2.1.3 è 2.1.4.

a) Â ñëó÷àå íå÷åòíîãî n+|γ| ðåøåíèå çàäà÷è Êîøè (2.2.3), (2.2.5)
èìååò âèä

u(t, x, y) =
2n−3∏n−1

i=1 Γ
(
γi+1
2

) x+t∫
x−t

dξ×

×
(
d

ds

)n+|γ|−3
2

[
s

n+|γ|−3
2

∫
S+
1 (n−1)

T y√
s P ζ

f(ξ,
√
sP ζ) ζγdS(ζ)

]∣∣∣∣
s=x+t−ξ

.

b) Â ñëó÷àå ÷åòíîãî n+ |γ|

u(t, x, y) =
2n−2

√
π
∏n−1

i=1 Γ
(
γi+1
2

) x+t∫
x−t

dξ

1∫
0

(1− z2)−1/2
√
s ×

×
(

d

ds

)n+|γ|−2
2

[
s

n+|γ|−3
2

∫
S+
1 (n−1)

T
√
s zPζ

y f(ξ,
√
s zPζ) ζγ dS(ζ)

]∣∣∣∣
s=x+t−ξ

dz.

Êàê âèäèì, â ñëó÷àå íå÷åòíîãî n + |γ| íîñèòåëü îáîáùåííîé

ôóíêöèè FB [j0(b|λ̄|)] ïðèíàäëåæèò ñôåðå |y| = 1 . Â ñëó÷àå ÷åòíîãî

n + |γ| â ïðåäñòàâëåíèè ôóíêöèîíàëà FB [j0(b|λ̄|)] ïîÿâèëñÿ èíòåãðàë

ïî ðàäèàëüíîé ïåðåìåííîé z, ò.å. íîñèòåëü FB [j0(b|λ̄|)] ïðèíàäëåæèò
øàðó |y| < 1 . Ñëåäîâàòåëüíî, â ïåðâîì ñëó÷àå äëÿ ðåøåíèé çàäà÷è

Êîøè (2.2.3), (2.2.5) ïðèíöèï Ãþéãåíñà âûïîëíÿåòñÿ, à âî âòîðîì íåò.
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Â ïóíêòå 2.3 ðàññìàòðèâàåòñÿ áîëåå îáùèé ñëó÷àé, êîãäà ïî

âðåìåíè äåéñòâóåò îïåðàòîð Áåññåëÿ ñ ðàçìåðíîñòüþ β ≥ 0 , à

ïî ïðîñòðàíñòâåííûì ïåðåìåííûì äåéñòâóþò ñèíãóëÿðíûå îïåðàòî-

ðû Áåññåëÿ ñ ðàçìåðíîñòüþ γi ≥ 0 . Èòàê, â ïîëóïðîñòðàíñòâå

R+
N+1 = {(t, x) : t > 0, x ∈ RN , N ≥ 1} ðàññìîòðèì ñëåäóþùóþ çà-

äà÷ó Êîøè

Bβ,tu = ∆γ,xu, u|t=0 = f(x), ut|t=0 = 0. (2.3.1)

Äëÿ ïîëó÷åíèÿ ïðåäñòàâëåíèÿ ðåøåíèÿ çàäà÷è (2.3.1) èñïîëüçó-

åì ïðÿìîå è îáðàòíîå ñìåøàííîå FB -ïðåîáðàçîâàíèå ñ ïîðÿäêàìè j-

ôóíêöèé Áåññåëÿ ðàâíûìè νi =
γi−1
2 (i=1, 2, . . . , n) .

Â ðåçóëüòàòå ïîëó÷èì

u(x, t) = c(N,n, γ)
(
FBγ

[j β−1
2
(t|ξ|)], T x

y f
)
γ
. (2.3.4)

Ïî ñëåäñòâèþ 2.1.1 ïðè áîëüøèõ çíà÷åíèÿõ β > N + |γ|

F−1
Bγ

[
j β−1

2
(t| · |)

]
= ψt, β−1

2
(x)

è ïðåäñòàâëÿåò ñîáîé ôèíèòíóþ ôóíêöèþ ñ íîñèòåëåì â îáëàñòè

|x| < t :

ψt, β−1
2
(|x|) =

{
(t2 − |x|2)

β−1
2 −N+|γ|

2 , x ∈ {|x| < t}+ ,
0, x /∈ {|x| < t}+ .

Ðåøåíèå çàäà÷è Êîøè (2.3.1) â ýòîì ñëó÷àå èìååò âèä

u(x, t) = c(N,n, γ)
(
FBγ

[j β−1
2
(t| · |)](y), T x

y f
)
γ
=

=
c(N,n, γ)

A(N,n, β, γ)

∫
{|y|<t}+

N

(t2 − |y|2)
β−1−N−|γ|

2

tβ−1
T x
y f(y) y

γ dy ,

ãäå

A(N,n, β, γ) =
1

π
N−n

2 2N+|γ|−n

Γ
(

β−N−|γ|+1
2

)
Γ(β+1

2 )
∏n

i=1 Γ
(
γi+1
2

)
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À ïðè çíà÷åíèÿõ ðàçìåðíîñòè β ≤ N + |γ| âûðàæåíèå

F−1
Bγ

[
j β−1

2
(t| · |)

]
= I

β−1
2

t ïðåäñòàâëÿåò ñîáîé ðàñïðåäåëåíèå Êèïðèÿíî-

âà èç S′
ev , êîòîðîå îïðåäåëÿåòñÿ ïî ôîðìóëàì, ïîëó÷åííûì â òåîðåìàõ

2.1.3 è 2.1.4,

Â îáîèõ èç ýòèõ ñëó÷àåâ ìîæåì âûïèñàòü ÿâíûé âèä ðåøåíèÿ

u(t, x) . Ïðè ýòîì îòäåëüíî ðàññìàòðèâàþòñÿ ñëó÷àè ÷åòíîé N + |γ| è
íå÷åòíîé N + |γ| ðàçìåðíîñòè ïðîñòðàíñòâà.

Ñðåäè íàéäåííûõ ðåøåíèé ýòîé çàäà÷è Êîøè òîëüêî â äâóõ ñëó-

÷àÿõ ðåøåíèå ïðåäñòàâëÿåòñÿ ñôåðè÷åñêèì èíòåãðàëîì � ýòî ðåøåíèÿ

îïèñàííûå â ïóíêòå 2.3.2.

Ñëó÷àé A1: β = 2k + 1 � íå÷åòíîå ÷èñëî è 1 ≤ β ≤ N + |γ|
( 0 ≤ k ≤ N+|γ|−1

2 ), N + |γ| ≥ 2 � ÷åòíîå ÷èñëî. Ðåøåíèå â ýòîì ñëó÷àå

èìååò âèä:

u(t, x) =
2k−

N+|γ|
2 +nΓ(k + 1)

π
N−n

2

n∏
i=1

(
Γ
(
γi+1
2

)) ×

× 1

t2k

(
1

t

d

dt

)N+|γ|
2 −k−1 [

t−1

∫
Sx,t(N)

T y
x f(x) (y

′)γ dS(y)

]
.

Ñëó÷àé A3: β = 2k � ÷åòíîå ÷èñëî, N + |γ| ≥ 3 � íå÷åòíîå

÷èñëî. Ïðè ýòîì 0 ≤ β ≤ N + |γ| − 1
(
0 ≤ k ≤ N+|γ|−1

2

)
.

u(t, x) =
2k−

N+|γ|+1
2 +n Γ(k + 1

2 )

π
N−n

2

n∏
i=1

(
Γ
(
γi+1
2

)) ×

× 1

t2k−1

(
1

t

d

dt

)N+|γ|−1
2 −k [

t−1

∫
Sx,t(N)

T y
x f(x) (y

′)γ dS(y)

]
.

Â îñòàëüíûõ ñëó÷àÿõ ðåøåíèå ïðåäñòàâëÿåòñÿ â âèäå èíòåãðàëà

ïî øàðó.

Ñëó÷àé A2: β = 2k è N + |γ| ≥ 2 � ÷åòíûå ÷èñëà. Ïðè ýòîì

÷èñëî µ = β−1
2 � äðîáíîå (ïîëóöåëîå). Ýòîò ñëó÷àé èçó÷åí ïðè óñëîâèè

äðîáíîãî µ . Ýòî ñëó÷àé B1.
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Ñëó÷àé B1: N + |γ| ≥ 2 � ÷åòíîå ÷èñëî, β−1
2 = k − δ , k∈N ,

δ ∈ [0, 1) , 1 ≤ k < N+|γ|+1
2 , 1 < β ≤ N + |γ|.

u(t, x) =
2k−

N+|γ|
2 +nΓ(k + 1− δ)

π
N−n

2 Γ(1− δ)
n∏

i=1

Γ
(
γi+1
2

)×

× 1

t2k−2

(
d

tdt

)N+|γ|
2 −k

1

t2k−N−|γ|−2δ+2

∫
|y|<t

|y|2k−N−|γ|(t2 − |y|2)−δ×

× T x
y f(y) (y

′)γ dy.

Ñëó÷àé B2: Ïóñòü (N + |g| ≥ 2) � ÷åòíîå β−1
2 = −δ1 , ãäå

δ1 ∈ [0, 12 ] , 0 ≤ β ≤ 1 .

u(t, x) =
2n−

N+|γ|
2

π
N−n

2

n∏
i=1

Γ
(
γi+1
2

) (t ddt+2−2δ1)

(
1

t

d

dt

)N+|γ|−2
2

tN+|γ|+2δ1−4×

×
∫

|y|<t

|y|2−N−|γ|(t2 − |y|2)−δ1T x
y f(y) (y

′)γ dy .

Ñëó÷àé B3: Ïóñòü N + |γ| ≥ 3 � íå÷åòíîå è 0 ≤ β ≤ N + |γ| ,

k∈N, 1 ≤ k <
N + |γ|+ 1

2
,
β − 1

2
= k − δ − 1

2
, δ ∈ [0, 1).

u(t, x) =
2k−

N+|γ|+1
2 +nΓ(k + 1

2 − δ)

π
N−n

2 Γ(1− δ)
n∏

i=1

(
Γ
(
γi+1
2

))×

× 1

t2k−3

(
d

tdt

)N+|γ|+1
2 −k

1

t2k−N−|γ|−2δ+1

∫
|y|<t

|y|2k−1−N−|γ|(t2 − |y|2)−δ×

× T x
y f(y) (y

′)γ dy.
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À òàêæå â ñëó÷àå äðîáíîãî N + |γ| ðåøåíèå ïðåäñòàâëÿåòñÿ â

âèäå èíòåãðàëà ïî øàðó.

Ïîýòîìó ìîæåì óòâåðæäàòü ñëåäóþùèé äîñòàòî÷íûé ïðèíöèï

Ãþéãåíñà äëÿ ðåøåíèÿ Â-ãèïåðáîëè÷åñêîãî óðàâíåíèÿ ñ îïåðàòîðîì

Áåññåëÿ ïî âðåìåíè.

Îáîáùåííûé ñèíãóëÿðíûé ïðèíöèï Ãþéãåíñà Ðåøåíèå çà-

äà÷è (2.3.1) óäîâëåòâîðÿåò ¾îáîáùåííîìó ïðèíöèïó Ãþéãåíñà¿, åñëè

÷èñëà β è |γ| öåëûå, à ÷èñëà 1 + β è N + |γ| îáëàäàþò îäèíàêîâîé

÷åòíîñòüþ è óäîâëåòâîðÿþò íåðàâåíñòâó β + 1 ≤ N + |γ| .
Ãëàâà 3 ïîñâÿùåíà íàõîæäåíèþ ðåøåíèÿ çàäà÷è Êîøè ñ ãðà-

íè÷íûìè óñëîâèÿìè äëÿ óðàâíåíèÿ Ýéëåðà�Ïóàññîíà�Äàðáó ñ îïå-

ðàòîðîì Áåññåëÿ ïî âðåìåíè. Ðàññìàòðèâàåìûå îïåðàòîðû Áåññåëÿ â

óðàâíåíèè ìîãóò èìåòü ðàçëè÷íûå ïàðàìåòðû.

Ïóñòü α = (α1, ..., an) � ôèêñèðîâàííûå ïîëîæèòåëüíûå ÷èñëà.

Ðàññìàòðèâàåòñÿ óðàâíåíèå

Bβ,tu(x, t) = ∆Bα,x
u(x, t), ãäå ∆Bα,x

=
n∑

i=1

Bαi
+

N∑
k=n+1

∂2

∂x2k

ñ íà÷àëüíûìè óñëîâèÿìè

u(x, 0) = φ(r), ut(x, 0) = ψ(r), r = |x|

è îäíèì èç ãðàíè÷íûõ óñëîâèé:

i) ãðàíè÷íîå óñëîâèå ïåðâîãî ðîäà u(x, t)||x|=1 = f1(t);

ii) ãðàíè÷íîå óñëîâèå âòîðîãî ðîäà ∂u
∂ω⃗

∣∣∣∣
|x|=1

= f2(t), ω⃗ � âåêòîð

âíåøíåé íîðìàëè ê ñôåðå |x| = 1 ;

iii) ãðàíè÷íîå óñëîâèå òðåòüåãî ðîäà
(
∂u
∂ω⃗ +Hu

) ∣∣∣∣
|x|=1

= 0, H �

çàäàííàÿ ïîñòîÿííàÿ.

Íà÷àëüíî-ãðàíè÷íûå óñëîâèÿ ïîçâîëÿþò ñ÷èòàòü ðåøåíèå óðàâ-

íåíèÿ ðàäèàëüíûì. Òîãäà ñôåðè÷åñêàÿ çàìåíà ïåðåìåííûõ x = rθ ,

|θ| = 1 ïðèâîäèò ê ñëåäóþùèì çàäà÷àì

Bβ,tu = BN+|α|−1,ru, u(r, 0) = φ(r), ut(r, 0) = ψ(r),
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i)u|r=1 = 0; ii)ur|r=1 = 0; iii) (ur +Hu)|r=1 = 0.

Äàëåå ïîëàãàåì N + |α| − 1 = γ .

Ïîëó÷åíû ðåøåíèÿ êðàåâûõ çàäà÷ äëÿ óðàâíåíèÿ ÝÏÄ ñ îïåðàòî-

ðîì Áåññåëÿ ïî âðåìåíè äëÿ ðàçëè÷íûõ ñëó÷àåâ ðàçìåðíîñòè îïåðàòîðà

Bβ,t , à èìåííî β > 0 , −1 < β < 0 è β < −1 . Äîêàçàíû ñóùåñòâî-

âàíèå è åäèíñòâåííîñòü ïîëó÷åííûõ ðåøåíèé. Çàïèñàíû èõ ïðåäñòàâ-

ëåíèÿ â âèäå ôîðìóëû, àíàëîãè÷íîé ôîðìóëå Ïóàññîíà, îïðåäåëÿåìîé

ñïåöèàëüíûì ¾ (µν )− ñäâèãîì¿, ïîðîæäåííûì ïðîèçâåäåíèåì j-ôóíêöèé

Áåññåëÿ ïåðâîãî ðîäà ðàçíûõ ïîðÿäêîâ µ è ν

ν,µ

V t
x f(x) =

2ν+µ Γ(ν + 1)Γ(µ+ 1)

π Γ(ν + µ)
×

×
∫ π/2

−π/2

eiθ(µ−ν) cosν+µ θ f(
√

2 cos θ(x2eiθ + t2e−iθ)) dθ .

Â çàêëþ÷åíèå àâòîð âûðàæàåò áëàãîäàðíîñòü ïðîôåññîðó

Ë. Í. Ëÿõîâó çà ïîñòàíîâêó çàäà÷è è ïîìîùü, îêàçàííóþ ïðè ðàáîòå

íàä äèññåðòàöèåé.
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Ãëàâà 1

Èíòåãðàëüíûå

ïðåîáðàçîâàíèÿ Ëåâèòàíà

è Êèïðèÿíîâà�Êàòðàõîâà.

Â-öèëèíäðè÷åñêèå

ôóíêöèè. Ðÿäû Ëåâèòàíà

Â íàñòîÿùåé ãëàâå ââîäÿòñÿ ïðîñòðàíñòâà Ë. Øâàðöà îñíîâíûõ è

îáîáùåííûõ ôóíêöèé, íà êîòîðûå íàêëàäûâàåòñÿ óñëîâèÿ ÷åòíîñòè

ïî íåñêîëüêèì ïåðåìåííûì. Ðàññìàòðèâàåòñÿ èíòåãðàëüíûå ïðåîáðà-

çîâàíèÿ îáîáùåííûõ ôóíêöèé, òàêèå êàê ïðåîáðàçîâàíèÿ Ëåâèòàíà è

Ëåâèòàíà�Êèïðèÿíîâà�Êàòðàõîâà. Ïðèâîäÿòñÿ òåîðåìû î ñôåðè÷å-

ñêîì óïëîòíåíèè.

Äàþòñÿ îïðåäåëåíèÿ B-öèëèíäðè÷åñêèõ ôóíêöèé, êàê ðåøåíèé

ñèíãóëÿðíîãî óðàâíåíèÿ Áåññåëÿ ñ ðàçëè÷íûìè ðàçìåðíîñòÿìè îïåðà-

òîðà Áåññåëÿ. Äàíû òåîðåìû îðòîãîíàëüíîñòè ñèñòåì òàêèõ ôóíêöèé,
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îöåíêè íîðì. Ïðèâåäåíû ðÿäû (Ôóðå�Áåññåëÿ è Äèíè) ïî ñèñòåìàì B-

öèëèíäðè÷åñêèõ ôóíêöèé è òåîðåìû î ðàâíîìåðíîé ñõîäèìîñòè òàêèõ

ðÿäîâ è ðÿäîâ èç Â-ïðîèçâîäíûõ èõ ÷ëåíîâ.

1.1 Èíòåãðàëüíûå ïðåîáðàçîâàíèÿ Áåññåëÿ

Îáîçíà÷èì åâêëèäîâî ïðîñòðàíñòâî

RN = Rn × RN−n, R+
N = R+

n × RN−n.

Ñ÷èòàåì, ÷òî íàòóðàëüíûå ÷èñëà n è N ôèêñèðîâàíû è ñâÿçàíû óñëî-

âèåì n ≤ N . Ïîëîæèì

x = (x′, x′′) ∈ R+
N = R+

n × RN−n,

ãäå

x′ ∈ R+
n = {x′ : x1 > 0, ..., xn > 0} , x′′ = (xn−1, . . . , xN ) ∈ RN−n.

Ñëåäóÿ [25], c. 30, ââåäåì îñíîâíûå ôóíêöèè S è D . ×åðåç

Sev = Sev(R+
N ) îáîçíà÷èì ïîäïðîñòðàíñòâî ïðîñòðàíñòâà Øâàðöà áåñ-

êîíå÷íî äèôôåðåíöèðóåìûõ ôóíêöèé φ , x′ -÷åòíûõ äëÿ êîòîðûõ

sup
x∈R+

n,N−n

∣∣∣∣|x|β Bα′

x′Dα′′
φ(x)

∣∣∣∣<∞ ,

ãäå α′ è α′′ � öåëî÷èñëåííûå ìóëüòèèíäåêñû ðàçìåðíîñòè n , è N −
n ñîîòâåòñòâåííî, β � öåëî÷èñëåííûé ìóëüòèíäåêñ ðàçìåðíîñòè N ,

÷åòíûé ïî ïåðâûì n êîîðäèíàòàì.

Äâîéñòâåííîå ïðîñòðàíñòâî, ïîðîæäàåìîå âåñîâîé ëèíåéíîé ôîð-

ìîé

(u , v)γ =

∫
R+

N

u(x) v(x) (x′)γ dx ,
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áóäåì îáîçíà÷àòü S ′
ev = S ′

ev(R
+
N ) è íàçûâàòü ïðîñòðàíñòâîì óìåðåí-

íûõ âåñîâûõ îáîáùåííûõ ôóíêöèé (ðàñïðåäåëåíèé). Ê ðåãóëÿðíûì âå-

ñîâûì ðàñïðåäåëåíèÿì îòíîñèì âñå âåñîâûå ðàñïðåäåëåíèÿ, ïîðîæäåí-

íûå ëîêàëüíî èíòåãðèðóåìûìè ñ âåñîì (x′)γ ôóíêöèÿìè, íå áîëåå ÷åì

ñòåïåííîãî ðîñòà (ôóíêöèè óìåðåííîãî ðîñòà).

Ïîäïðîñòðàíñòâî ïðîñòðàíñòâà îñíîâíûõ ôóíêöèé

D = D(Rn) , ñîñòîÿùåå èç x′ -÷åòíûõ ôóíêöèé, áóäåì îáîçíà÷àòü

Dev = Dev(R+
n,N−n) . Ñîîòâåòñòâóþùåå äâîéñòâåííîå ïðîñòðàíñòâî,

ïîðîæäåííîå óêàçàííîé âûøå âåñîâîé ëèíåéíîé ôîðìîé, îáîçíà÷èì

D ′ .

Â [33] Á.Ì.Ëåâèòàí ïðåäëîæèë èñïîëüçîâàòü íîâîå (òîãäà) ïðåîá-

ðàçîâàíèå Áåññåëÿ, ÿäðîì êîòîðîãî ÿâëÿåòñÿ Â-öèëèíäðè÷åñêàÿ ôóíê-

öèÿ jν . Ýòî ïðåîáðàçîâàíèå îí íàçâàë ¾ïðåîáðàçîâàíèåì Ôóðüå�

Õàíêåëÿ¿. Ðàçóìååòñÿ, ýòî îäíî èç ïðåîáðàçîâàíèé Áåññåëÿ, êîòîðîå

åñòåñòâåííî íàçûâàòü ïðåîáðàçîâàíèåì Ëåâèòàíà.

Ðàññìîòðèì ñìåøàííîå ïðåîáðàçîâàíèå Ôóðüå�Ëåâèòàíà�

Êèïðèÿíîâà�Êàòðàõîâà. ßäðîì ýòîãî ñìåøàííîãî ïðåîáðàçîâàíèÿ

ÿâëÿþòñÿ ôóíêöèè

eγ(x, ξ) =
n∏

k=1

[
j γk−1

2

(xkξk)− i
xkξk
γ + 1

j γk+1

2

(xkξk)

]
e−i⟨x′′,ξ′′⟩,

ãäå γ = (γ1, . . . , γn) � ôèêñèðîâàííûé ìóëüòèèíäåêñ èç ïîëîæèòåëü-

íûõ ÷èñåë; jν � ÷åòíàÿ j-ôóíêöèÿ Áåññåëÿ ïîðÿäêà ν , ñâÿçàííàÿ

ñ ôóíêöèåé Áåññåëÿ ïåðâîãî ðîäà (è òîãî æå ïîðÿäêà) ðàâåíñòâîì

jν(s) = C(ν)Jν(s)
sν , ν > − 1

2 ;
s

γ+1jν(s) � íå÷åòíàÿ j-ôóíêöèÿ Áåññå-

ëÿ; ⟨x′′, ξ′′⟩ � ñêàëÿðíîå ïðîèçâåäåíèå âåêòîðîâ èç RN−n . Ñìåøàííîå

ïðÿìîå è îáðàòíîå ïðåîáðàçîâàíèÿ Ôóðüå�Ëåâèòàíà�Êèïðèÿíîâà�

Êàòðàõîâà (ñìåøàííîå FB -ïðåîáðàçîâàíèÿ) îïðåäåëÿþòñÿ âûðàæåíè-

ÿìè

FB [f ](ξ) =

∫
RN

f(x) eγ(x, ξ) (x
′)γ dx , F−1

B [f ](x) =
C(γ)

(2π)
N−n

2

FB [f ](−x),

(1.1.1)
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ãäå C(γ) =
∏n

i=1
1

2γi−1 Γ2( γi+1

2 )
� íîðìèðóþùàÿ êîíñòàíòà.

Èçâåñòíî [27], ÷òî ýòè ïðåîáðàçîâàíèÿ îáðàòèìû íà êëàññå îñ-

íîâíûõ ôóíêöèé Sev+ , ñîñòîÿùåì èç ôóíêöèé Sev è èõ ïåðâûõ ïðî-

èçâîäíûõ ïî íàïðàâëåíèÿì xi, i = 1, . . . , n îò ýòèõ ôóíêöèé. Ïðè

γ → 0 ýòî ïðåîáðàçîâàíèå ñòðåìèòñÿ ê êëàññè÷åñêîìó ïðåîáðàçîâà-

íèþ Ôóðüå. Ìíîãîìåðíîå ïðåîáðàçîâàíèå Ëåâèòàíà è ïðåîáðàçîâàíèå

Êèïðèÿíîâà�Êàòðàõîâà îïðåäåëÿåòñÿ ïî ôîðìóëàì (1.1.1) ñ ÿäðàìè∏n
1 j γi−1

2
è
∏n

1
xiξi
γi+1 j γi−1

2
ñîîòâåòñòâåííî.

Ìíîãîìåðíîå ñìåøàííîå FB -ïðåîáðàçîâàíèå (Ëåâèòàíà) îïðåäå-

ëÿåòñÿ ïî ôîðìóëå

FB [f ](ξ) = f̂(ξ) =

∫
R+

n,N−n

f(x)jγ(x
′, ξ′)e−i⟨x′′,ξ′′⟩(x′)γdx,

ãäå jγ(x
′, ξ′) =

n∏
i=1

j γi−1

2
(xi, ξi), ⟨x′′, ξ′′⟩ =

N∑
i=n+1

xiξi .

Èçâåñòíî ([33], [25]), ÷òî ìíîãîìåðíîå ñìåøàííîå ïðåîáðàçîâàíèå

Ëåâèòàíà îáðàòèìî â âåñîâîì êëàññå ôóíêöèé Lγ
2(R

+
n,N−n) è îáðàòíîå

ïðåîáðàçîâàíèå èìååò âèä

F−1
B [f ](ξ) =

C(γ)

(2π)
N−n

2

∫
R+

n,N−n

f(x)jγ(x
′, ξ′)ei⟨x

′′,ξ′′⟩(x′)γdx.

Êàê âèäèì, ÿäðîì ñìåøàííîãî FB -ïðåîáðàçîâàíèÿ ÿâëÿåòñÿ ôóíêöèÿ

Λγ(x, ξ) = jγ(x
′, ξ′)e−i⟨x′′,ξ′′⟩.

Õîðîøî èçâåñòíî ïðåäñòàâëåíèå j-ôóíêöèé Áåññåëÿ èíòåãðàëîì Ïóàñ-

ñîíà (ñì. [33])

j γi−1

2
(t) =

Γ
(
γ+1
2

)
Γ
(
γ
2

)
Γ
(
1
2

) ∫ π

0

e−it cos α sinγi−1 α dα , γ > 0 . (1.1.2)

Èçâåñòíî (ñì. [33]), ÷òî äåéñòâèå ñìåøàííîãî îáîáùåííîãî ñäâèãà

(ñäâèãà Ïóàññîíà)

f(x) → (T yf)(x) = (T y′

x′ f)(x
′, x′′ − y′′) =

n∏
i=1

(T yi
xi
f)(x′, x′′ − y′′) ,
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îïðåäåëÿåòñÿ ðàâåíñòâîì

(T yf)(x) = c(γ)

π∫
0

. . .

π∫
0

f(x′ →α y
′ , x′′ − y′′) sinγ−1α′dα′ ,

ãäå ÷åðåç

x′ →α y
′ =

√
x′2+y′2 − 2x′y′ cosα′

îáîçíà÷åí n -ìåðíûé âåêòîð ñ êîîðäèíàòàìè, ïîðîæäåííûìè åâêëèäî-

âûìè ðàññòîÿíèÿìè
√
x2i+y

2
i − 2xiyi cosαi , 1 ≤ i ≤ n ≤ N , à òàêæå

c(γ) =
n∏

i=1

Γ
(
γi+1
2

)
Γ
(
1
2

)
Γ
(
γi

2

) , sinγ−1α′ =
n∏

i=1

sinγi−1 αi , dα′ = dα1 . . . dαn .

Ñïðàâåäëèâû ñëåäóþùèå òåîðåìû.

Òåîðåìà 1.1.1. Äëÿ ëþáîé èíòåãðèðóåìîé ïî R1 ôóíêöèè èìåþò

ìåñòî ðàâåíñòâà

lim
γ→0

FB [f ] = F [f ], lim
γ→0

F−1
B [f ] = F−1[f ] .

Åñëè ê òîìó æå f ÷åòíàÿ ôóíêöèÿ, òî

lim
γ→0

FB [u] = lim
γ→0

FB [u] = Fcos[u] è lim
γ→0

F−1
B [u] = lim

γ→0
F−1
B [u] = F−1

cos [u] .

Òåîðåìà 1.1.2. Åñëè u ÷åòíàÿ ôóíêöèÿ, äëÿ êîòîðîé èìååò ìåñòî

ôîðìóëà îáðàùåíèÿ FB -ïðåîáðàçîâàíèÿ, òî

lim
γ→0

T y
xu(x) =

u(x+ y) + u(x− y)

2
.

Òåîðåìà 1.1.3. (Ïåðâàÿ òåîðåìà î ñôåðè÷åñêîì óïëîòíåíèè

[36]) Ïóñòü γT y � ñìåøàííûé ñäâèã, îòâå÷àþùèé ìóëüòèèíäåêñó

γ . Äëÿ ïðîèçâîëüíûõ àáñîëþòíî ñóììèðóåìûõ ñ âåñîì
∏n

i=1 x
γi

i ðà-

äèàëüíûõ ôóíêöèé f = f(|x|) è g(|x|) èìååò ìåñòî ðàâåíñòâî

(f ∗ g)γ =

∫
R+

N

f(|y|)γT yg(x)
n∏

i=1

xγi

i dy =
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= |S+
1 (N)|

∞∫
0

f(r)µT ρg(r) rµdr, µ = N + |γ| − 1,

ãäå S+
1 (N) � ïîâåðõíîñòü ÷àñòè åäèíè÷íîé ñôåðû |x| = 1 , îïðåäåëåí-

íîé íåðàâåíñòâàìè x1 > 0, ..., xN > 0 , à

|S1(N)|γ =

∫
S+
1 (N)

n∏
i=1

xγi

i dS =
π

N−n
2

∏n
i=1 Γ

(
γi+1
2

)
2n−1 Γ

(
N+|γ|

2

) .

Òåîðåìà 1.1.4. (Âòîðàÿ òåîðåìà î ñôåðè÷åñêîì óïëîòíåíèè

[36]) Äëÿ ïðîèçâîëüíûõ àáñîëþòíî ñóììèðóåìûõ ñ âåñîì
∏n

i=1 x
γi

i ðà-

äèàëüíîé ôóíêöèè f = f(|x|) èìååò ìåñòî ðàâåíñòâî

FB [f ] =

∫
R+

N

f(|x|)
n∏

i=1

j γi−1

2
(xiξi) e

−i⟨x′′,ξ′′⟩
n∏

i=1

xγi

i dx =

= |S+
1 (N)|

∞∫
0

f(r) jN+|γ|−2
2

(rρ) rN+|γ|−1dr .

1.2 B-öèëèíäðè÷åñêèå ôóíêöèè

Êëàññè÷åñêèå öèëèíäðè÷åñêèå ôóíêöèè ïåðâîãî ðîäà. Öèëèí-

äðè÷åñêèå ôóíêöèè âîçíèêàþò ïðè èññëåäîâàíèè äèôôåðåíöèàëüíûõ

óðàâíåíèé ïîðÿäêà ≥ 2 â öèëèíäðè÷åñêèõ êîîðäèíàòàõ. Íàèáîëåå óïî-

òðåáëÿåìûìè ÿâëÿþòñÿ öèëèíäðè÷åñêèå ôóíêöèè Áåññåëÿ ïåðâîãî ðîäà

Jν(x) =

∞∑
m=0

(−1)m

m! Γ (m+ν+1)

(x
2

)2m+ν

,

è

J−ν(x) =
∞∑

m=0

(−1)m

m! Γ (m−ν+1)

(x
2

)2m−ν

.

Ýòè ôóíêöèè ëèíåéíî íåçàâèñèìû ïðè äðîáíîì ν = γ−1
2 è ïðåäñòàâ-

ëÿþò ô.ñ. ôóíêöèé óðàâíåíèÿ Áåññåëÿ (êëàññè÷åñêîãî)

xv′′ + v′ −
(
x+

ν2

x

)
v = 0 (1.2.1)
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Â ñëó÷àå öåëîãî ïîðÿäêà ν öèëèíäðè÷åñêèå ôóíêöèè Jν è J−ν

ëèíåéíî çàâèñèìû: Jν = C J−ν . Äëÿ ïðîèçâîëüíûõ ν ðîëü ôóíäà-

ìåíòàëüíîé ñèñòåìû ôóíêöèè äëÿ óðàâíåíèÿ (1.2.1) âûïîëíÿåò ïàðà

ðåøåíèé (1.2.1) Jν(x) è Yν(x) , ãäå Yν(x) � öèëèíäðè÷åñêàÿ ôóíêöèÿ

âòîðîãî ðîäà (ôóíêöèÿ Íåéìàíà)

Yν(x) =
cos(νπ) Jν(x)− J−ν(x)

sin(νπ)
.

Â öèëèíäðè÷åñêèå ôóíêöèè � ýòî ðåøåíèÿ ñèíãóëÿðíîãî

óðàâíåíèÿ Áåññåëÿ

B±γu(λx) + λ2u(λx) = 0 , B±γ =
d2

dx2
+

±γ
x

d

dx
, γ > 0. (1.2.2)

Ñâÿçü öèëèíäðè÷åñêèõ è Â-öèëèíäðè÷åñêèõ ôóíêöèé äà-

íà â ñëåäóþùåì óòâåðæäåíèè.

Ëåììà 1.2.1. Ðåøåíèÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ Áåññåëÿ (1.2.1)

(öèëèíäðè÷åñêèå ôóíêöèè) è ñèíãóëÿðíîãî óðàâíåíèÿ Áåññåëÿ (Â-

öèëèíäðè÷åñêèå ôóíêöèè) â îáëàñòè x > 0 ñâÿçàíû ðàâåíñòâàìè

Äëÿ îïåðàòîðà Bγ : v(x) = xν u(x) , ãäå ν =
γ − 1

2
> −1

2
. (1.2.3)

Äëÿ îïåðàòîðà B−γ : v(x) = x−µ u(x) , ãäå µ =
γ + 1

2
>

1

2
. (1.2.4)

Óòâåðæäåíèå (1.2.3) õîðîøî èçâåñòíî (ñì. íàïðèìåð [53], ñ. 75-

76). Óòâåðæäåíèå (1.2.3) ïðèâåäåíî â ðàáîòå [39]

1.3 Â-öèëèíäðè÷åñêèå ôóíêöèè,

îòâå÷àþùèå ïîëîæèòåëüíîé

ðàçìåðíîñòè îïåðàòîðà Áåññåëÿ +γ

Ñîáñòâåííûå ôóíêöèè îïåðàòîðà Bγ , γ > 0 äîñòàòî÷íî ïðîñòî íàéòè

èñõîäÿ èç ñâÿçè (1.2.3) ðåøåíèé óðàâíåíèé (1.2.1) è (1.2.2). Èìååì

Jν(x) =
Jν(x)

xν
=

(
1

2

)ν ∞∑
m=0

(−1)m

m! Γ (m+ν+1)

(x
2

)2m
, Jν(0) =

1

2ν Γ(ν + 1)
,
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jν(x) = 2ν Γ(1 + ν)
Jν(x)

xν
=

∞∑
m=0

(−1)m Γ(ν + 1)

m! Γ (m+ν+1)

(x
2

)2m
, jν(0) = 1.

(1.3.1)

Ýòè ðåøåíèÿ îòëè÷àþòñÿ ëèøü êîíñòàíòîé, íî âòîðîå óäîáíî òåì, ÷òî

îíî íîðìèðîâàíî óñëîâèåì jν(0) = 1 .

Ëèíåéíî íåçàâèñèìîå ê (1.3.1) åñòü ðåøåíèå

J−ν(x) =
J−ν(x)

xν
=

1

xν

∞∑
m=0

(−1)m

m! Γ (m−ν+1)

(x
2

)2m−ν

, (1.3.2)

èëè

j−ν(x) = Γ(1− ν)
J−ν(x)

xν
2ν =

1

xν

∞∑
m=0

(−1)m Γ(1− ν)

m! Γ (m−ν+1)

(x
2

)2m−ν

,

ν > −1

2
äðîáíîå : j−ν(x) = O

(
1

x2ν

)
= O

(
1

xγ−1

)
, x→ 0 .

Ðåøåíèå j−ν íå îãðàíè÷åíî â íóëå (= ∞ ), ïîýòîìó íåò ñìûñëà íîðìè-

ðîâàòü åãî êîýôôèöèåíòîì 2ν Γ(ν+1) è áîëåå óäîáíî èñïîëüçîâàòü ðå-

øåíèå J−ν . Åñëè ïîðÿäîê ν äðîáíûé, òî ðåøåíèÿ jν è J−ν ïðåäñòàâ-

ëÿþò ôóíäàìåíòàëüíóþ ïàðó ðåøåíèé ñèíãóëÿðíîãî óðàâíåíèÿ Áåññå-

ëÿ ñ ïîëîæèòåëüíîé ðàçìåðíîñòüþ. Â îáùåì ñëó÷àå (ò.å. äëÿ ïðîèç-

âîëüíîãî ν > −1/2 ) âòîðûì ëèíåéíî íåçàâèñèìûì ðåøåíèåì ÿâëÿåòñÿ

Â-öèëèíäðè÷åñêàÿ ôóíêöèÿ âòîðîãî ðîäà (j=ôóíêöèÿ Íåéìàíà)

Yν(x) =
Yν(x)

xν
=

cos(νπ) Jν(x)− J−ν(x)

sin νπ
, ν =

γ − 1

2
. (1.3.3)

Òàêèì îáðàçîì, îáùåå ðåøåíèå ñèíãóëÿðíîãî óðàâíåíèÿ Áåññåëÿ

ñ ïîëîæèòåëüíîé ðàçìåðíîñòüþ +γ åñòü ôóíêöèÿ

X(x) = C1 jγ(x) + C2Yν(x) .

Íå÷åòíàÿ j-ôóíêöèÿ Áåññåëÿ. Áóäåì íàçûâàòü ïðîèçâîäíóþ

îò ÷åòíîé j-ôóíêöèè Áåññåëÿ j ′
ν(x) = − x

γ+1 jν+1(x) . Ðàçóìååòñÿ, ýòà

ôóíêöèÿ íå óäîâëåòâîðÿåò ñèíãóëÿðíîìó óðàâíåíèþ Áåññåëÿ. Áóäåì

íàçûâàòü åå B′ -öèëèíäðè÷åñêîé ôóíêöèåé.
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Â [33] ïîêàçàíî, ÷òî òåîðåìà ñëîæåíèÿ äëÿ j-ôóíêöèé Áåññåëÿ

ìîæåò áûòü ñôîðìóëèðîâàíà íà îñíîâå ñäâèãà Ïóàññîíà:

åñëè γ > 0, òî j γ−1
2
(λx) j γ−1

2
(λy) = T y

x j γ−1
2
(λx). (1.3.4)

Ôóíêöèè jν , j−ν(x) è Yν ÿâëÿþòñÿ B-öèëèíäðè÷åñêèìè ôóíê-

öèÿìè, ïîñêîëüêó îíè óäîâëåòâîðÿþò ñèíãóëÿðíîìó óðàâíåíèþ Áåññå-

ëÿ. Íå÷åòíàÿ j-ôóíêöèÿ Áåññåëÿ íå ÿâëÿåòñÿ B-öèëèíäðè÷åñêîé. Åå èñ-

ïîëüçîâàíèå â çàäà÷àõ òåîðèè ôóíêöèé íà÷àòî â ðàáîòàõ [27], [22]. Ðÿäû

ïî ñèñòåìàì j-ôóíêöèé Áåññåëÿ (â òîì ÷èñëå è ïî íå÷åòíûì j-ôóíêöèÿì

Áåññåëÿ) èçó÷àëèñü â äèññåðòàöèè [49]. Äàëåå ïîêàæåì, ÷òî àñèìïòî-

òè÷åñêèå ñâîéñòâà ÷åòíûõ è íå÷åòíûõ j-ôóíêöèé Áåññåëÿ ñîâïàäàþò.

Ïîýòîìó ðÿäû Ôóðüå�Áåññåëÿ è Äèíè ïî ýòèì ôóíêöèÿì åñòåñòâåííî

èçó÷àòü îäíîâðåìåííî.

1.3.1 Îðòîãîíàëüíîñòü ñèñòåìû ÷åòíûõ-íå÷åòíûõ

B+γ -öèëèíäðè÷åñêèõ ôóíêöèé ïåðâîãî ðîäà

Ïóñòü λn ðàñïîëîæåííûå â ïîðÿäêå âîçðàñòàíèÿ ðàçëè÷íûå ôèêñèðî-

âàííûå ïîëîæèòåëüíûå ÷èñëà, γ>0 è ν=γ−1
2 .

Íàáîðû ôóíêöèé

Λ(n)
γ, ev(x) = jν(xλn), Λ

(n)
γ, od(x) =

λnx

γ + 1
jν+1(xλn), Λ(n)

γ (x),

n = 1, 2, 3, . . . , îòëè÷àþùèåñÿ ñïîñîáîì îïðåäåëåíèÿ ÷èñåë λn , áóäåì

íàçûâàòü ñèñòåìàìè Λ -ôóíêöèé: Λ
(n)
γ, ev è Λ

(n)
γ, od ÿâëÿþòñÿ, ñîîòâåò-

ñòâåííî, ÷åòíîé è íå÷åòíîé Λ -ôóíêöèÿìè; Λ
(n)
γ � îáùåå îáîçíà÷åíèå,

ò.å. ýòà ôóíêöèÿ ìîæåò áûòü ÷åòíîé Λ
(n)
γ, ev èëè íå÷åòíîé Λ

(n)
γ, od . Ðàñ-

ñìîòðèì ñëåäóþùèå ñèñòåìû Λ -ôóíêöèé, îïðåäåëåííûå îäíèì èç òðåõ

ñïîñîáîâ îïðåäåëåíèÿ ÷èñåë λn :

i) jν(λn) = 0, {Λ(n)
γ (x)}, n = 1, 2, . . . ;

ii) j ′
ν(λn)=0 (jν+1(λn)=0), {1, Λ(n)

γ (x)}, n = 1, 2, . . . ;

iii) λn j
′
ν(λn) +Hjν(λn) = 0, {Λ(n)

γ (x)}, n = 1, 2, . . . ,
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ãäå H � íåêîòîðàÿ äàííàÿ ïîñòîÿííàÿ. Ñëåäóÿ êëàññè÷åñêèì êàíîíàì,

ñèñòåìû ôóíêöèé i) è ii) áóäåì íàçûâàòü ñèñòåìàìè Ôóðüå�Áåññåëÿ�

Ëåâèòàíà, à iii) � ñèñòåìîé Äèíè-Ëåâèòàíà.

Òàê êàê ñèñòåìû Λ -ôóíêöèé âêëþ÷àþò ÷åòíûå è íå÷åòíûå ôóíê-

öèè, òî ñîîòíîøåíèÿ îðòîãîíàëüíîñòè ðàññìàòðèâàþòñÿ íà îòðåçêå

[−1, 1] ïðè ýòîì âåñîâûå ìíîæèòåëè â ñîîòâåòñòâóþùèõ èíòåãðàëüíûõ

âûðàæåíèÿõ ïîëàãàþòñÿ ÷åòíûìè:

xγ = (x2)γ/2 .

Ýòî ïîçâîëÿåò ðàññìàòðèâàòü ðÿäû òîëüêî ïî ÷åòíûì èëè òîëüêî ïî

íå÷åòíûì Λ -ñèñòåìàì íà îòðåçêå [0, 1] .

Òåîðåìà 1.3.1. (Ñàíèíà [49]) Êàæäàÿ èç ñèñòåì Λ -ôóíêöèé i)�

iii), ãäå γ=2ν+1>−1 , îðòîãîíàëüíà íà îòðåçêå [0, 1] ñ âåñîì

xγ = (x2)γ/2 :

1∫
−1

Λk
ν(x) Λ

m
ν (x) xγ dx =

{
0 , k ̸= m

M2 , k = m
.

Â çàâèñèìîñòè îò îïðåäåëåíèÿ ÷èñåë λn â i)-iii) íîðìû Λ -ôóíêöèé

âû÷èñëÿþòñÿ ïî ôîðìóëàì

â ñëó÷àå i) M2 = ∥Λ(n)
ν ∥2

Lγ
2 (−1,1)

= [j ′
ν(λn)]

2;

â ñëó÷àå ii) M2 = ∥Λ(n)
ν ∥2

Lγ
2 (−1,1)

= [jν(λn)]
2;

â ñëó÷àå iii), M2 = ∥Λ(n)
ν ∥2

Lγ
2 (−1,1)

=
j2ν(λn)
λ2
n

[λ2n − ν2 + (ν +H)2].

1.3.2 Îöåíêà Lγ
2 � íîðìû Λ -öèëèíäðè÷åñêèõ ôóíê-

öèé, îòâå÷àþùèõ ïîëîæèòåëüíîé ðàçìåðíîñòè

îïåðàòîðà Áåññåëÿ +γ

Îáîçíà÷èì

Lγ
2(−1, 1) = {f : x

γ
2 f(x) ∈ L2(−1, 1)} , γ = 2ν + 1 > −1,
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∥f∥Lγ
2 (−1,1) =

 1∫
−1

|f(x)|2 xγ dx

1/2

, xγ = (xγ/2)2 .

Âûøå áûëè óñòàíîâëåíû òðè ñèñòåìû Λ -ôóíêöèé Áåññåëÿ, êî-

òîðûå îòëè÷àþòñÿ ñïîñîáîì îïðåäåëåíèÿ ÷èñåë λn . Òàáëèöà Lγ
2 -íîðì

ýòèõ ôóíêöèé ïðèâåäåíà â òåîðåìå 1.3.1 (ðàâåíñòâà i), ii), iii)). Íàì ïî-

íàäîáÿòñÿ îöåíêè ñâåðõó è ñíèçó Lγ
2 -íîðìû ýòèõ ôóíêöèé. Èç àñèìï-

òîòè÷åñêîãî ïðåäñòàâëåíèÿ ôóíêöèé Áåññåëÿ ïåðâîãî ðîäà (ñì. [52], c.

259, ôîðìóëà (9.17)) ïðè áîëüøèõ çíà÷åíèÿõ àðãóìåíòà ïîëó÷èì àñèìï-

òîòè÷åñêîå ïðåäñòàâëåíèå ôóíêöèé Λ
(n)
ν :

jν(x) =
2νΓ(ν + 1)

xν

[√
2

π x
sin
(
x− νπ

2
+
π

4

)
+
rν(x)

x3/2

]
, x→ ∞ .

|jν(λn)| = O(λ−ν−1/2
n ) , n→ ∞

j ′
ν(x) =

−x
2(ν + 1)

jν+1(x) =

= −2ν+1Γ(ν + 2)

xν

[√
2

π x
sin

(
x− (ν + 1)π

2
+
π

4

)
+
rν+1(x)

x3/2

]
, x→ ∞.

|j ′
ν(λn)| = | λn

2(ν + 1)
jν+1(λn)| = O(λ−ν−1/2

n ) , n→ ∞ .

Îòñþäà, äëÿ áîëüøèõ çíà÷åíèé λn èìååì îöåíêè:

äëÿ ñëó÷àÿ i)

∥Λ(n)
ν (x)∥Lγ

2 (−1,1)=|j ′
ν(λn)|=

λn
γ + 1

|jν+1|=O
(

1

λ
ν+1/2
n

)
;

äëÿ ñëó÷àÿ ii)

∥Λ(n)
ν (x)∥Lγ

2 (−1,1)=|jν(λn)| = O

(
1

λ
ν+1/2
n

)
;

äëÿ ñëó÷àÿ iii)

∥Λ(n)
γ (x)∥Lγ

2 (−1,1) =

√
j2ν(λn)

λ2n
[λ2n−ν2+(ν−H)2] = O

(
1

λ
ν+1/2
n

)
.
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Èòàê, ïðè âñåõ ñïîñîáàõ i), ii) è iii) îïðåäåëåíèÿ ÷èñåë λn èìååò ìåñòî

îäíà è òà æå îöåíêà, ñïðàâåäëèâàÿ äëÿ ÷åòíûõ è íå÷åòíûõ Λ -ôóíêöèé:

∥Λ(n)
γ (x)∥Lγ

2 (−1,1) = O(λ−ν−1/2) , λn >> 1 .

(ñì. [52], ñ. 268).

Íà ñàìîì äåëå ñïðàâåäëèâî áîëåå îáùåå óòâåðæäåíèå ([49]).

Òåîðåìà 1.3.2. Ïóñòü γ=2ν+1 > 0 . Äëÿ âñåõ ñëó÷àåâ îïðåäåëåíèÿ

÷èñåë λn â i) �iii) ñïðàâåäëèâî íåðàâåíñòâî ∥Λ(n)
ν ∥Lγ

2 (−1,1) ≍ 1

λ
ν+1/2
n

,

ò.å. ñóùåñòâóþò ïîëîæèòåëüíûå êîíñòàíòû Kν è Mν , çàâèñÿùèå

òîëüêî îò ν , òàêèå, ÷òî

Kν
1

λ
ν+1/2
n

≤ ∥Λ(n)
ν ∥Lγ

2 (−1,1) ≤Mν
1

λ
ν+1/2
n

, λn >> 1 .

1.4 Â-öèëèíäðè÷åñêèå ôóíêöèè,

îòâå÷àþùèå îòðèöàòåëüíîé

ðàçìåðíîñòè îïåðàòîðà Áåññåëÿ −β

Îïåðàòîð Áåññåëÿ ñ îòðèöàòåëüíîé ðàçìåðíîñòüþ −β èìååò âèä

B−β =
d2

dt2
− β

t

d

dt
= tβ

d

dt

(
t−β d

dt

)
, β > 0.

Êëàññè÷åñêîå óðàâíåíèå Áåññåëÿ

t2
d2u(t)

dt2
+ t

du(t)

dt
+ (t2 − µ2)u(t) = 0 (1.4.1)

ñîäåðæèò ïàðàìåòð µ2 ïðè ýòîì ÷èñëî µ ÿâëÿåòñÿ ïîðÿäêîì ôóíê-

öèè Áåññåëÿ Jµ � ðåøåíèÿ ýòîãî óðàâíåíèÿ. Ýòî ïðèâîäèò ê òîìó, ÷òî

ðåøåíèÿìè êëàññè÷åñêîãî óðàâíåíèÿ Áåññåëÿ îäíîâðåìåííî ÿâëÿþòñÿ

äâå ôóíêöèè � Jµ è J−µ ïðè÷åì âòîðàÿ ïîëó÷àåòñÿ èç ïåðâîé ôîð-

ìàëüíîé çàìåíîé ñèìâîëà µ íà ñèìâîë −µ . Íåñîâïàäåíèå ðåøåíèé

ñèíãóëÿðíîãî óðàâíåíèÿ Áåññåëÿ ñ ïîëîæèòåëüíûì è îòðèöàòåëüíûì
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ïàðàìåòðîì β î÷åâèäíî, ïîñêîëüêó ðàâåíñòâî ôóíêöèé B−βu è Bβu

âîçìîæíî òîëüêî â ðåäêîì è íåèíòåðåñíîì ñëó÷àå u = const . Ðåøå-

íèÿ ñèíãóëÿðíîãî óðàâíåíèÿ Áåññåëÿ B−βu + λu = 0 áóäåì íàçûâàòü

B−β -öèëèíäðè÷åñêèìè ôóíêöèÿìè, ñîêðàùåííî j*-ôóíêöèè Áåññåëÿ.

Îíè îêàæóòñÿ ñâÿçàííûìè ñ j-ôóíêöèÿìè Áåññåëÿ, ïîðÿäîê êîòîðûõ

µ çàâèñèò îò ïàðàìåòðà îïåðàòîðà Áåññåëÿ ( β ) ïî ôîðìóëå

µ =
β − 1

2
+ 1 =

β + 1

2
.

Ðàññìîòðèì óðàâíåíèå Áåññåëÿ ñ îòðèöàòåëüíîé ðàçìåðíîñòüþ

B−βu(t) =
d2u(t)

dt2
− β

t

du(t)

dt
= −u(t) , β = 2µ− 1 > 0 . (1.4.2)

Íåïîñðåäñòâåííûìè âû÷èñëåíèÿìè äîêàçàíî ñëåäóþùåå óòâåð-

æäåíèå.

Ñîãëàñíî ëåììå 1.2.1 (óòâåðæäåíèå (1.2.4)), îãðàíè÷åííîå ðåøå-

íèå ñèíãóëÿðíîãî óðàâíåíèÿ Áåññåëÿ (1.4.2), íîðìèðîâàííîå óñëîâèåì

ðàâåíñòâà åäèíèöå ïðè t = 0 , èìååò âèä

j∗−µ(t) = j−µ(t) = Γ(1− µ)

(
t

2

)µ

J−µ(t) =

=
∞∑

m=0

(−1)m Γ(1− µ)

m! Γ (m+ 1− µ))

(
t

2

)2m

,

µ ̸=1, 2, 3, . . . j−µ(0)=1 . (1.4.3)

Íî ýòî ðåøåíèå íåîïðåäåëåíî ïðè µ = 1, 2, . . . . Äëÿ ïðîèçâîëüíîãî

µ > 0 áîëåå ïðèñïîñîáëåííûì äëÿ äàëüíåéøèõ èññëåäîâàíèé îêàæåòñÿ

ðåøåíèå (1.4.2), çàäàííîå ôóíêöèåé

J∗−µ(t) = tµ J−µ =
2µ j−µ(t)

Γ(1− µ)
= 2µ

∞∑
m=0

(−1)m

m! Γ (m+ 1− µ)

(
t

2

)2m

. (1.4.4)

Ïðè ýòîì, åñëè p � íàòóðàëüíîå ÷èñëî, òî J−p(t) = (−1)pJp (ñì. [2],

ñ. 14, ôîðìóëà(24)), ïîýòîìó

J∗−p(t)=
(x
2

)µ
J−µ(t) =

(
t

2

)µ

(−1)p Jp(t)
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Ïî ëåììå 1.2.1 ðåøåíèÿ êëàññè÷åñêîãî è ñèíãóëÿðíîãî óðàâíåíèé Áåñ-

ñåëÿ ñâÿçàíû ðàâåíñòâîì tp Jp(t) = Jp(t) . Ò.å. ìû ïîëó÷èëè ðàâåíñòâî

J∗−p(t)=C Jp(t) , ïîäòâåðæäàþùåå ëèíåéíóþ çàâèñèìîñòü ýòèõ ôóíê-

öèé.

Íåîãðàíè÷åííîå (ïðè t → ∞ ) ðåøåíèå óðàâíåíèÿ (1.4.2) èìååò

âèä

J∗µ(t) = tµ Jµ(t) =
j∗µ(t)

2µ Γ(µ+ 1)
= tµ

∞∑
m=0

(−1)m

m! Γ (µ+m+ 1)

(
t

2

)2m+µ

,

(1.4.5)

µ=
β+1

2
.

èëè

j∗µ(t) = t2µ jµ(t) = t2µ
∞∑

m=0

(−1)m Γ (µ+ 1)

m! Γ (µ+m+ 1)

(
t

2

)2m

= 2µ Γ(µ+ 1) tµ Jµ(t).

Ñîîòâåòñòâóþùóþ j∗ -ôóíêöèþ Íåéìàíà ââåäåì ñëåäóþùèì îá-

ðàçîì

Y∗
µ(t) = Y∗

β+1
2

(t) = tµ Y β+1
2
(t) =

cos(νπ) J∗µ(t)− J∗−µ(t)

sin νπ
. (1.4.6)

Ïðè ýòîì J∗−µ(t) = tµ J−µ , à Yµ êëàññè÷åñêàÿ ôóíêöèÿ Íåéìàíà.

Èòàê, ôóíäàìåíòàëüíàÿ ñèñòåìà ôóíêöèé óðàâíåíèÿ (1.4.1)

ïðåäñòàâëåíà íàáîðîì ôóíêöèé J∗µ è Y∗
µ èëè j∗−µ(= j−µ(t)) è Y∗

µ .

Ïîýòîìó îáùåå ðåøåíèå óðàâíåíèÿ (1.4.2) ìîæå áûòü ïðåäñòàâëåíî â

äâóìÿ ôóíêöèÿìè ñ íåîïðåäåëåííûìè êîýôôèöèåíòàìè

T (t) = C1 J∗µ(t) + C2 Y∗
µ(t) .

èëè

T (t) = C1 j−µ(t) + C2 Y∗
µ(t) .

Âûáîð îäíîãî èç ýòèõ ðåøåíèé çàâèñèò îò óñëîâèÿ íà ïîâåäåíèÿ ðåøå-

íèÿ â òî÷êå t = 0 , ïîñêîëüêó J∗µ(0) = 0 , à j−µ(0) = 1 .
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1.4.1 Îðòîãîíàëüíîñòü B−β -öèëèíäðè÷åñêèõ

ôóíêöèé ïðè β ≥ 1

Ó÷èòûâàÿ, ÷òî J∗µ(t) =
t2µ jµ(t)
2µ Γ(µ+1) è ÷òî jµ(0) = 1 , ïîëó÷èì

J∗µ(t) = O(t2µ) = O(tβ+1), t→ 0 .

Ýòî äàåò âîçìîæíîñòü ââåñòè íàáîð îðòîãîíàëüíûõ ôóíêöèé, óäîâëå-

òâîðÿþùèõ ñèíãóëÿðíîìó óðàâíåíèþ Áåññåëÿ ñ îòðèöàòåëüíûì èíäåê-

ñîì ðàçìåðíîñòè.

Ïðè −β ≤ −1 äëÿ ðàçëîæåíèÿ ôóíêöèé â ðÿäû Ôóðüå ïî ðå-

øåíèÿì ýòîãî óðàâíåíèÿ ìû èñïîëüçóåì íåîãðàíè÷åííîå ðåøåíèå J∗µ
ïîëîæèòåëüíîãî ïîðÿäêà µ = β+1

2 :

B−β J∗µ(λt) = −λ2J∗µ(λt).

Ýòî ïðèâîäèò ê ñëåäóþùèì ñèñòåìàì îðòîãîíàëüíûõ (ñ âåñîì t−β )

ôóíêöèé

J∗µ(λn) = 0, {Λ(n)
−β(t)}, n = 1, 2, . . . ; (1.4.7)

J∗µ
′(λn) = 0, {Λ(n)

−β(t)}, n = 1, 2, . . . ; (1.4.8)

λn J∗µ
′(λn) +HJ∗µ(λn) = 0, {Λ(n)

−β(t)}, n = 1, 2, . . . . (1.4.9)

ãäå H � íåêîòîðàÿ äàííàÿ âåùåñòâåííàÿ ïîñòîÿííàÿ, à

Λ
(n)
−β(t) = J∗µ(λnt) � Â-öèëèíäðè÷åñêàÿ ôóíêöèÿ (1.4.5), îòâå÷àþ-

ùàÿ îòðèöàòåëüíîé ðàçìåðíîñòè îïåðàòîðà Áåññåëÿ −β ≤ −1 , à ÷èñëî

λn îäíîìó èç óñëîâèé (1.4.7) � (1.4.9).

1.4.2 Íîðìû B−β -öèëèíäðè÷åñêèõ ôóíêöèé ïðè

β ≥ 1

Áóäåì èñïîëüçîâàòü ñëåäóþùèé âåñîâîé ëåáåãîâñêèé êëàññ ôóíêöèé

L−β
2 (−1, 1) = {f : (t2)−

β
4 f(t) ∈ L2(−1, 1)} , β = 2µ− 1 ≥ 0,
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∥f∥L−β
2 (−1,1) =

 1∫
−1

|f(t)|2 (t2)−β/2 dt

1/2

.

Òåîðåìà 1.4.1. Ëþáàÿ èç ñèñòåì ôóíêöèé (1.4.7) � (1.4.9), ãäå

−β=1−2µ≤−1 , îðòîãîíàëüíà â âåñîâîì ëåáåãîâñêîì êëàññå ôóíêöèé

L−β
2 (−1, 1) :

1∫
−1

Λ
(k)
−β(t) Λ

(m)
−β ( t) t−β dt =

{
0 , k ̸= m

M2 , k = m
.

ãäå, â çàâèñèìîñòè îò îïðåäåëåíèÿ ÷èñåë λn, íîðìû Λ−β -ôóíêöèé

âû÷èñëÿþòñÿ ïî ôîðìóëàì

â ñëó÷àå (1.4.7): M2 = ∥Λ(n)
−β∥2L−β

2 (−1,1)
= [J∗ ′

µ(λn)]
2;

â ñëó÷àå (1.4.8) : M2 = ∥Λ(n)
−β∥2L−β

2 (−1,1)
= [J∗µ(λn)]2;

â ñëó÷àå (1.4.9) : M2 = ∥Λ(n)
−β∥2L−β

2 (−1,1)
=

=
|J∗µ(λn)|2

λ2 [λ2 − µ2 + (µ+H)2].

Âûøå áûëè óñòàíîâëåíû òðè ñèñòåìû Λ−β -ôóíêöèé, êîòîðûå

îòëè÷àþòñÿ ñïîñîáîì îïðåäåëåíèÿ ÷èñåë λn . Äàëåå íàì ïîíàäîáÿòñÿ

îöåíêè ñâåðõó è ñíèçó L−β
2 � íîðì ýòèõ ôóíêöèé ïðè áîëüøèõ çíà÷å-

íèÿõ λn . Âîñïîëüçóåìñÿ ðàâåíñòâîì (1.4.5) è àñèìïòîòè÷åñêèì ïðåä-

ñòàâëåíèåì (ñì. êíèãó [52], c. 259, ôîðìóëà (9.17)) J-ôóíêöèé Áåññåëÿ

(ïîëîæèòåëüíîãî ïîðÿäêà) ïðè áîëüøèõ çíà÷åíèÿõ àðãóìåíòà,

J∗µ(t) = tµ

[√
2

π t
sin
(
t− µπ

2
+
π

4

)
+
rµ(t)

t3/2

]
, t→ ∞ .

Îòñþäà ñëåäóåò àñèìïòîòè÷åñêîå ðàâåíñòâî

|J∗µ(t)| = O(tµ−1/2) , t→ ∞, |J∗µ(t)| = O(t2µ−1/2) , t→ 0 .

Èç (1.4.5)

J∗µ
′(t) =

1

2µ Γ(µ+ 1)

(
2µ t2µ−1 jµ(t)− t2µ

t

β + 1
jµ+1(t)

)
,
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|J∗µ
′(t)| = O(tµ−1/2) , t→ ∞ ; J∗µ

′(t) = O(t2µ−1) , t→ 0 .

Îòñþäà, äëÿ âñåõ òðåõ ñëó÷àåâ (1.4.7), (1.4.8) è (1.4.9) îïðåäåëåíèÿ ÷è-

ñåë λn è äëÿ áîëüøèõ çíà÷åíèé n èìååì îöåíêè:

∥Λ(n)
−β(t)∥L−β

2 (−1,1) = O
(
λµ−1/2
n

)
, n→ ∞ .

Íà ñàìîì äåëå ñïðàâåäëèâî áîëåå îáùåå óòâåðæäåíèå.

Òåîðåìà 1.4.2. Ïóñòü −β=1−2µ ≥ −1 è ÷èñëà λn óäîâëåòâîðÿþò

îäíîìó èç óñëîâèé (1.4.7) � (1.4.9). Äëÿ äîñòàòî÷íî áîëüøèõ λn ñïðà-

âåäëèâî íåðàâåíñòâî

Kµ λ
µ−1/2
n ≤ ∥Λ(n)

−β∥Lβ
2 (−1,1) ≤Mµ λ

µ−1/2
n ,

ãäå Kµ è Mµ � ïîëîæèòåëüíûå êîíñòàíòû, çàâèñÿùèå òîëüêî îò

µ .

1.4.3 Îðòîãîíàëüíîñòü B−β -öèëèíäðè÷åñêèõ

ôóíêöèé ïðè 0 < β < 1

Âíà÷àëå îòìåòèì, ÷òî ðåøåíèå çàäà÷ Øòóðìà�Ëèóâèëëÿ äëÿ óðàâíå-

íèÿ (1.4.2) ìîæåò ïîòðåáîâàòü ïðîòèâîïîëîæíûõ ñâîéñòâ ñîáñòâåííûõ

ôóíêöèé îïåðàòîðà B−β . Íàïðèìåð ðàâåíñòâî íóëþ â òî÷êå t = 0

èëè íå ðàâåíñòâà íóëþ. Â ïåðâîì ñëó÷àå ïðèäåòñÿ èñïîëüçîâàòü ôóíê-

öèè J∗µ , à â ïðîòèâîïîëîæíîé j−µ . Íî ïîñëåäíèå ìîæíî èñïîëüçîâàòü

òîëüêî ïðè ìàëû çíà÷åíèÿõ µ : 0 < µ < 1 , ÷òî ñâÿçàíî ñ ìåðîé îðòî-

ãîíàëüíîñòè x−βdt (îíà æå ìåðà ñàìîñîïðÿæåííîñòè îïåðàòîðà B−γ ).

Ïðè 0 < β < 1 äëÿ ðàçëîæåíèÿ ôóíêöèé â ðÿäû Ôóðüå ïî ðåøå-

íèÿì óðàâíåíèÿ (1.4.2) ìû èñïîëüçóåì îãðàíè÷åííîå ðåøåíèå j−µ :

B−β j−µ(λt) = −λ2j−µ(λt).

Ýòî ïðèâîäèò ê ñëåäóþùèì ñèñòåìàì îðòîãîíàëüíûõ (ñ âåñîì t−β )

ôóíêöèé

j−µ(λn) = 0, {Λ(n)
−β(t)}, n = 1, 2, . . . ; (1.4.10)
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j′−µ(λn) = 0, {Λ(n)
−β(t)}, n = 1, 2, . . . ; (1.4.11)

λn j
′
−µ(λn) +Hj−µ(λn) = 0, {Λ(n)

−β(t)}, n = 1, 2, . . . . (1.4.12)

ãäå H � íåêîòîðàÿ äàííàÿ âåùåñòâåííàÿ ïîñòîÿííàÿ, à

Λ
(n)
−β(t) = j−µ(λnt) � Â-öèëèíäðè÷åñêàÿ ôóíêöèÿ (1.4.3), îòâå÷à-

þùàÿ îòðèöàòåëüíîé ðàçìåðíîñòè îïåðàòîðà Áåññåëÿ 0 < β < 1 , à

÷èñëî λn îäíîìó èç óñëîâèé (1.4.10) � (1.4.12).

1.4.4 Íîðìû B−β -öèëèíäðè÷åñêèõ ôóíêöèé ïðè

0 < β < 1

Áóäåì èñïîëüçîâàòü ñëåäóþùèé âåñîâîé ëåáåãîâñêèé êëàññ ôóíêöèé

L−β
2 (−1, 1) = {f : (t2)−

β
4 f(t) ∈ L2(−1, 1)} , 0 < β = 2µ− 1 < 1,

∥f∥L−β
2 (−1,1) =

 1∫
−1

|f(t)|2 (t2)−β/2 dt

1/2

.

Òåîðåìà 1.4.3. Ëþáàÿ èç ñèñòåì ôóíêöèé (1.4.10) � (1.4.12), ãäå

0 < β < 1 , îðòîãîíàëüíà â âåñîâîì ëåáåãîâñêîì êëàññå ôóíêöèé

L−β
2 (−1, 1) :

1∫
−1

Λ
(k)
−β(t) Λ

(m)
−β ( t) t−β dt =

{
0 , k ̸= m

M2 , k = m
.

ãäå, â çàâèñèìîñòè îò îïðåäåëåíèÿ ÷èñåë λn, íîðìû Λ−β -ôóíêöèé

âû÷èñëÿþòñÿ ïî ôîðìóëàì

â ñëó÷àå (1.4.10): M2 = ∥Λ(n)
−β∥2L−β

2 (−1,1)
= [j ′

−µ(λn)]
2;

â ñëó÷àå (1.4.11) : M2 = ∥Λ(n)
−β∥2L−β

2 (−1,1)
= [j−µ(λn)]

2;

â ñëó÷àå (1.4.12) : M2 = ∥Λ(n)
−β∥2L−β

2 (−1,1)
=

=
|j−µ(λn)|2

λ2 [λ2 − µ2 + (−µ+H)2] .

(1.4.13)
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Îöåíêà Lβ
2 � íîðìû Λ−β -öèëèíäðè÷åñêîé ôóíêöèè Áåñ-

ñåëÿ ïðè 0 < β < 1

Äëÿ ôóíêöèé Áåññåëÿ ïåðâîãî ðîäà ïðè p > −1 ñïðàâåäëèâî

íåðàâåíñòâî |Jp(t)| ≤ 2A√
t
, t >> 1 (íàïðèìåð ñì. [52], ñ.277) Ñîãëàñíî

(1.4.3) èìååì

|j−µ(t)| = O(tµ−1/2) , t→ ∞ ; |j′−µ(t)| = O(tµ−1/2) , t→ ∞.

Èç ðàâåíñòâ (1.4.13) èìååì îöåíêè:

∥Λ(n)
−β(t)∥L−β

2 (−1,1) = O
(
λµ−1/2
n

)
, n→ ∞ ,

è ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà:

Òåîðåìà 1.4.4. Ïóñòü −1 < −β=1−2µ < 0 è ÷èñëà λn óäîâëåòâî-

ðÿþò îäíîìó èç óñëîâèé (1.4.10) � (1.4.12). Äëÿ äîñòàòî÷íî áîëüøèõ

λn ñïðàâåäëèâî íåðàâåíñòâî

Kµ λ
µ−1/2
n ≤ ∥Λ(n)

−β∥Lβ
2 (−1,1) ≤Mµ λ

µ−1/2
n ,

ãäå Kµ è Mµ � ïîëîæèòåëüíûå êîíñòàíòû, çàâèñÿùèå òîëüêî îò

µ .

1.5 Ðÿäû Ëåâèòàíà

Çäåñü ìû ðàññìàòðèâàåì ôóíêöèè (íåïðåðûâíûå èëè èç

Lγ
2(−1, 1) ) ïðåäñòàâëåííûå ðÿäàìè íà [−1, 1] ñëåäóþùåãî âèäà

f(x) =
∑∞

n=0 Cn Λ
(n)
ν (x). Îáùåå íàçâàíèå ðàññìàòðèâàåìûõ ðÿäîâ �

ðÿäû Ëåâèòàíà. Ñðåäè íèõ âûäåëèì ðÿäû òèïà Ôóðüå�Áåññåëÿ è òèïà

ðÿäà Äèíè. Íåîáõîäèìî èçó÷àòü îòäåëüíî ðÿäû ïî Λ
(n)
ν, ev , è Λ

(n)
ν, od .

Äëÿ ðàçëîæåíèÿ ïðîèçâîëüíîé (ïî îòíîøåíèþ ê ÷åòíîñòè-íå÷åòíîñòè)

ôóíêöèè èñïîëüçóþòñÿ ðÿäû èçó÷åííûå Á.Ì. Ëåâèòàíîì â [33] ïî

j-ôóíêöèÿì Áåññåëÿ ñëåäóþùåãî âèäà:

a0
2

+
∞∑

n=1

(
an jν(λn x) + bn

xλn
(ν + 1)

jν+1(λn x)

)
. (1.5.1)
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Îïðåäåëåíèå 1.5.1. Ïóñòü ÷èñëà λn óäîâëåòâîðÿþò îäíîìó èç

óñëîâèé i) � iii). Ðÿä (1.5.1), ãäå

a0 =

1∫
−1

f(x) x2(ν+1/2)dx, an =

1∫
−1

f(x) jν(λnx) x
2(ν+1/2) dx ,

bn =

1∫
−1

f(x)
xλn

2(ν + 1)
jν+1(λnx) x

2(ν+1/2) dx .

áóäåì íàçûâàòü ðÿäîì Ôóðüå�Áåññåëÿ�Ëåâèòàíà òèïà i) èëè ii) ïî

B+γ -öèëèíäðè÷åñêèì ôóíêöèÿì, åñëè ÷èñëà λn óäîâëåòâîðÿþò óñëî-

âèÿì i) èëè ii) ñîîòâåòñòâåííî, è ðÿäîì Äèíè�Ëåâèòàíà, åñëè ÷èñëà

λn óäîâëåòâîðÿþò óñëîâèþ iii).

Áåç ó÷åòà ÷åòíîñòè-íå÷åòíîñòè ðàññìàòðèâàåìûõ ôóíêöèé âñå

òðè Lγ
2(−1, 1) -íîðìû ôóíêöèé Λ

(n)
γ áóäåì îáîçíà÷àòü îäíèì ñèìâî-

ëîì � ∥Λ(n)
γ (x)∥γ .

Îòìåòèì, ÷òî îðòîãîíàëüíîñòü ñèñòåì {Λ(n)
γ }−ôóíêöèé â âå-

ñîâîì êëàññå Ëåáåãà Lγ
2(−1, 1) ðàâíîñèëüíà îðòîãîíàëüíîñòè ñèñòåì

{xγ/2Λ(n)
γ }−ôóíêöèé â êëàññå Ëåáåãà L2(−1, 1) . Ýòî ïîçâîëÿåò ñ÷èòàòü

ñïðàâåäëèâûìè äëÿ ñèñòåì {Λ(n)
γ }−ôóíêöèé óòâåðæäåíèÿ îá îðòîãî-

íàëüíûõ ñèñòåìàõ ôóíêöèé â L2(−1, 1) .

Òåîðåìà Ðèññà�Ôèøåðà ([15], ñ. 207), ñïðàâåäëèâà äëÿ ëþáîé îð-

òîíîðìèðîâàííîé â L2(a, b) ñèñòåìû ôóíêöèé, ïîýòîìó ñïðàâåäëèâà

äëÿ ñèñòåì ôóíêöèé i), ii), iii), ðàññìàòðèâàåìûõ â âåñîâîì ïðîñòðàí-

ñòâå Lγ
2 . Â ÷àñòíîñòè, ñïðàâåäëèâî ðàâåíñòâî Ïàðñåâàëÿ äëÿ ñèñòåì

Â-öèëèíäðè÷åñêèõ ôóíêöèé i) � iii).

Â ñëó÷àå i) è iii)

1∫
0

f2(x)xγ dx =
∞∑

n=1

a2n ∥Λ(n)
ν ∥2γ ,
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à â ñëó÷àå ii)

1∫
0

f2(x)xγ dx =
1

2
a20 +

∞∑
n=0

a2n ∥Λ(n)
ν ∥2γ , ν =

γ − 1

2
.

Âûïîëíåíèå ðàâåíñòâà Ïàðñåâàëÿ äëÿ ïðîèçâîëüíîé ñèñòåìû îð-

òîíîðìèðîâàííûõ ôóíêöèé åñòü êðèòåðèé ïîëíîòû è çàìêíóòîñòè ñà-

ìîé ýòîé ñèñòåìû â âåñîâîì ëåáåãîâîì êëàññå. Ñïðàâåäëèâà

Òåîðåìà 1.5.1. Íîðìèðîâàííûå ñèñòåìû âåñîâûõ îðòîãîíàëüíûõ

ôóíêöèé i), ii) è iii) ÿâëÿþòñÿ ïîëíûìè (çàìêíóòûìè) â Lγ
2(−1, 1) .

Ïîñêîëüêó ñèñòåìà Λ -ôóíêöèé {Λ(n)
ν (x)}|∞n=0 ïîëíàÿ, òî âñÿ-

êàÿ ôóíêöèÿ f(x) ∈ Lγ
2(−1, 1) âïîëíå îïðåäåëåíà ñâîèì ðÿäîì Ôóðüå-

Áåññåëÿ èëè Äèíè íåçàâèñèìî îò òîãî ñõîäÿòñÿ ñîîòâåòñòâóþùèå ðÿäû

èëè íåò.

1.5.1 Î ðàâíîìåðíîé ñõîäèìîñòè Λ+γ -áåññåëåâûõ

ðàçëîæåíèé Ëåâèòàíà

Á.Ì. Ëåâèòàí â ðàáîòå [33] çàìåòèë, ÷òî àñèìïòîòè÷åñêîå ïîâåäåíèå

ôóíêöèé Áåññåëÿ ïðè áîëüøèõ çíà÷åíèÿõ àðãóìåíòà ìîæåò ñëóæèòü

ïðè÷èíîé ðàâíîìåðíîé ñõîäèìîñòè ñîîòâåòñòâóþùèõ ðÿäîâ.

Ìíîæåñòâî

H2m+1
γ (0, 1) =

{
f : ∥f∥2H2

γ
=

m∑
k=0

∥Bk
γf∥2Lγ

2 (0,1)
+

∥∥∥∥ ddxBm
γ f

∥∥∥∥2
Lγ

2 (0,1)

<∞

}
áóäåì íàçûâàòü ïðîñòðàíñòâîì Ñîáîëåâà�Êèïðèÿíîâà íå÷åòíîé Â-

ãëàäêîñòè.

Ôóíêöèè

Xn(x) =
Λ
(n)
γ (x)

∥Λ(n)
γ ∥Lγ

2 (0,1)

áóäåì íàçûâàòü íîðìèðîâàííûìè Λ
(n)
γ -ôóíêöèÿìè. Çäåñü, ïî-

ïðåæíåìó, ïîä ñèìâîëîì Λ
(n)
γ ïîíèìàåì îäíó èç öèëèíäðè÷åñêèõ
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Λ -ôóíêöèé Áåññåëÿ, êîãäà λn óäîâëåòâîðÿåò îäíîìó èç òðåõ óñëîâèé

â i)-iii). Åñëè ôóíêöèÿ f ∈ H2
γ(0, 1) , òî â ñìûñëå ñõîäèìîñòè â âåñîâîì

ñðåäíåì äëÿ íåå ñïðàâåäëèâî ïðåäñòàâëåíèå

f(x) =
∞∑

n=1

anXn(x), an = 2

∫ 1

0

f(x) Xn(x) x
γdx .

Òåîðåìà 1.5.2. Ïóñòü γ = 2ν + 1 > 0 , ÷èñëà λn óäîâëåòâîðÿþò

îäíîìó èç óñëîâèé i) � iii) è ôóíêöèÿ f(x)∈C2m ∩ H2m+1
γ (0, 1) ïðè

ýòîì

â ñëó÷àå i) è iii) òðåáóåòñÿ, ÷òîáû Bk
γf(1) = 0 k = 0, 1, . . . ,m.

Òîãäà ðÿäû Ôóðüå�Áåññåëÿ�Ëåâèòàíà ñõîäÿòñÿ ê f(x) àáñîëþòíî è

ðàâíîìåðíî íà [0, 1] .

Èç òåîðåìû Âåéåðøòðàññà âûòåêàåò

Ñëåäñòâèå 1.5.1. Ðÿäû òèïà i) � iii) äëÿ ÷åòíîé ôóíêöèè f , óäîâëå-

òâîðÿþùåé óñëîâèÿì òåîðåìû 1.5.2 äëÿ m ≥ 0 , ñõîäÿòñÿ àáñîëþòíî

è ðàâíîìåðíî.

1.5.2 Î ïðîèçâîäíîé è B+γ -ïðîèçâîäíîé ðÿäà ïî

÷åòíûì Λ
(n)
γ -ôóíêöèÿì

Ðÿä èç ïðîèçâîäíûõ ðÿäà ïî ÷åòíûì ôóíêöèÿì Λ
(n)
γ, ev = jnu ïðèâåäåò

ê ðÿäó ïî íå÷åòíûì ôóíêöèÿì Λ
(n)
γ, od =

xλ2
n

2 jν+1 . Ïðè ýòîì êîýôôè-

öèåíòû ñâÿçàíû ñîîòíîøåíèåì a ′
n = −λn an , èç êîòîðîãî âèäíî, ÷òî

ïîëó÷åííûé ðÿä íå îáÿçàí ñõîäèòüñÿ.

Ôîðìàëüíî ïî÷ëåííàÿ Bγ -ïðîèçâîäíàÿ ÷åòíûõ ðÿäîâ òèïà i), ii)

è ðÿäà òèïà iii) f(x) =
∑∞

0 an Xn(x) ïðèâåäåò âíîâü ê òåì æå ðÿäàì

Ëåâèòàíà òèïà Ôóðüå�Áåññåëÿ èëè Äèíè, êîòîðûå, âîîáùå ãîâîðÿ, íå

îáÿçàíû áûòü ñõîäÿùèìèñÿ:

Bm
γ f ∼

∞∑
1

a′n Λ(n)
γ (x) xγdx , a′n =

∫ 1

−1

(Bm
γ f)(x)Λ

(n)
γ (x) xγdx .
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Ïðè ýòîì a′n = (−λ2n)m an . Íî åñëè ðÿä äëÿ Bm
γ f îêàçûâàåòñÿ ñõîäÿ-

ùèìñÿ, òî èìååò ìåñòî ðàâåíñòâî1

Bm
γ f =

∞∑
1

a′n Λ(n)
γ (x) xγdx .

Èç òåîðåìû 1.5.2 è òåîðåìû Âåéåðøòðàññà âûòåêàåò

Ñëåäñòâèå 1.5.2. Ðÿä èç Bm
γ -ïðîèçâîäíûõ ÷ëåíîâ ðÿäà òèïà i)�iii)

äëÿ ÷åòíîé ôóíêöèè f , óäîâëåòâîðÿþùåé óñëîâèÿì òåîðåìû 1.5.2 äëÿ

m ≥ 1 , ðàâåí Bm
γ -ïðîèçâîäíîé ñóììû ðÿäà è ñõîäèòñÿ àáñîëþòíî è

ðàâíîìåðíî.

1.6 Ðÿäû Ëåâèòàíà ïî îãðàíè÷åííûì

Λ
(n)
−β -öèëèíäðè÷åñêèì ôóíêöèÿì ïðè

0 < β < 1

Îðòîãîíàëüíîñòü ôóíêöèé Λ
(n)
−β â âåñîâîì êëàññå ôóíêöèé L−β

2 (−1, 1)

ðàâíîñèëüíà îðòîãîíàëüíîñòè ôóíêöèé x−β/2 Λ
(n)
−β â îáû÷íîì ïðî-

ñòðàíñòâå Ëåáåãà L2(−1, 1) . Ïîýòîìó äëÿ ñèñòåì ôóíêöèé (1.4.10) �

(1.4.12) ñïðàâåäëèâû óòâåðæäåíèÿ îòíîñèòåëüíî ðÿäîâ Ôóðüå ïî ïðî-

èçâîëüíîé ñèñòåìå îðòîãîíàëüíûõ ôóíêöèé â L2(−1, 1) . Äàäèì ôîð-

ìóëèðîâêè ýòèõ óòâåðæäåíèè â òåðìèíàõ Λ−β -ôóíêöèé. Îòìåòèì, ÷òî

ôóíêöèè Λ
(n)
−β = j−µ(λnt) =

(
t
2

)µ
Γ(1−µ)J−µ(λnt) ïðåäïîëàãàþòñÿ ÷åò-

íûìè, ïîýòîìó äàëåå èíòåãðàëüíûå îïåðàöèè äîñòàòî÷íî ðàññìîòðåòü

íà îòðåçêå [0, 1] .

Ðÿä ïî Â-öèëèíäðè÷åñêèì ôóíêöèÿì (1.4.10) � (1.4.12)

f(t) =
∞∑

n=1

an j−µ(λn t) , an = 2

1∫
0

f(t) j−µ(λnt) t
−γ dt

1Äëÿ òðèãîíîìåòðè÷åñêèõ ðÿäîâ Ôóðüå ñì. êíèãó [45], ñ. 534-541
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áóäåì íàçûâàòü ðÿäîì Ôóðüå-Áåññåëÿ, åñëè ÷èñëà λn óäîâëåòâîðÿþò

óñëîâèÿì (1.4.10) èëè (1.4.11), ñîîòâåòñòâåííî, è ðÿäîì Äèíè, åñëè ÷èñ-

ëà λn óäîâëåòâîðÿþò óñëîâèþ (1.4.12).

1.6.1 Î ðàâíîìåðíîé ñõîäèìîñòè Λ−β -áåññåëåâûõ

ðÿäîâ Ôóðüå�Áåññåëÿ ïðè 0 < β < 1

. Ââåäåì íîðìèðîâàííûå B−β -öèëèíäðè÷åñêèå ôóíêöèè

Tn(t) =
Λ
(n)
−β(t)

∥Λ(n)
−β∥L−β

2 (0,1)

Èç òåîðåìû Ðèññà�Ôèøåðà, ñïðàâåäëèâîé äëÿ ïðîèçâîëüíîé îðòîíîð-

ìèðîâàííîé ñèñòåìû ôóíêöèé, âûòåêàåò

Òåîðåìà 1.6.1. Ñèñòåìû ôóíêöèé {Tn(t)} ÿâëÿþòñÿ ïîëíûìè (çà-

ìêíóòûìè) â L−β
2 (0, 1) .

Ìíîæåñòâî

H2m+1
−β (0, 1) =

=

{
f : ∥f∥2H2

−β
=

m∑
k=0

∥Bk
−βf∥2L−β

2 (0,1)
+

∥∥∥∥ ddxBm
−βf

∥∥∥∥2
L−β

2 (0,1)

<∞
}

áóäåì íàçûâàòü ïðîñòðàíñòâîì Ñîáîëåâà�Êèïðèÿíîâà íå÷åòíîé B−β -

ãëàäêîñòè.

Òåîðåìà 1.6.2. Ïóñòü 0 < β < 1 , ÷èñëà λn óäîâëåòâîðÿþò îä-

íîìó èç óñëîâèé (1.4.10) � (1.4.12) è ôóíêöèÿ f(t) ∈ H2m+1
−β (0, 1) ,

m=0, 1, 2, . . . ïðè ýòîì

lim
t→0

t−βDα
B−β

f(t) = 0, Dα
B−β

f(1) = 0;

ãäå α ≤ 2m. Òîãäà äëÿ êîýôôèöèåíòîâ ðÿäîâ Ôóðüå�Áåññåëÿ (1.4.10),

(1.4.11) è Äèíè (1.4.12) ñïðàâåäëèâà îöåíêà

an = O(λ−2m
n ) n→ ∞
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Â êà÷åñòâå ñëåäñòâèÿ èç ýòîé òåîðåìû ñïðàâåäëèâî óòâåðæäåíèå

î ðàâíîìåðíîé è àáñîëþòíîé ñõîäèìîñòè ðÿäà Ôóðüå-Áåññåëÿ äëÿ ïðî-

èçâîäíîé ôóíêöèè.

Ñëåäñòâèå 1.6.1. Ïóñòü äëÿ ôóíêöèè f ∈ H3
−β(0, 1) âûïîëíåíû óñëî-

âèÿ òåîðåìû. Òîãäà äëÿ êîýôôèöèåíòîâ ðÿäà Ôóðüå-Áåññåëÿ (1.4.11)

ñïðàâåäëèâà îöåíêà

|an| = O(λ−4
n )

è ðÿä Ôóðüå�Áåññåëÿ f ′(t =
∑∞

1 anTn(t) ñõîäèòñÿ àáñîëþòíî è ðàâ-

íîìåðíî.

1.6.2 Î B−β - ïðîèçâîäíûõ ðÿäîâ ïî íîðìèðîâàííûì

Λ
(n)
−β -ôóíêöèÿì ïðè 0 < β < 1

Ôîðìàëüíàÿ ïî÷ëåííàÿ B−β -ïðîèçâîäíàÿ ðÿäà Ôóðüå�Áåññåëÿ

(1.4.10), (1.4.11) èëè Äèíè (1.4.12)

f(x) =
∞∑
0

an Λ
(n)
−β(t)

ïðèâåäåò âíîâü ê òåì æå ðÿäàì Ôóðüå�Áåññåëÿ èëè Äèíè, êîòîðûå,

âîîáùå ãîâîðÿ, íå îáÿçàíû áûòü ñõîäÿùèìèñÿ:

Bm
−βf ∼

∞∑
1

a′n Λ
(n)
−β(t) , a′n =

∫ 1

−1

(Bm
−βf)(t)Λ

(n)
−β(t) t

−βdt .

Ïðè ýòîì a′n = (−λ2n)m an . Íî åñëè ðÿä äëÿ Bm
−βf îêàçûâàåòñÿ ñõîäÿ-

ùèìñÿ, òî èìååò ìåñòî ðàâåíñòâî

Bm
−βf =

∞∑
1

a′n Λ
(n)
−β(t) t

−βdt . (1.6.1)

Ñõîäèìîñòü ðÿäîâ èç Â-ïðîèçâîäíûõ ðÿäà (1.6.1) ìîæíî ïîëó-

÷èòü â êà÷åñòâå ñëåäñòâèÿ èç òåîðåìû 1.6.2.
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Òåîðåìà 1.6.3. Ïóñòü f1 = (Dm
B−β

f)(t) ∈ C(0, 1) , m = 0, 2, 4, . . . .

Ðÿäû Ôóðüå-Áåññåëÿ (1.4.10), (1.4.11) èëè Äèíè (1.4.12) äëÿ ôóíêöèè

f1(t)∈H2m+1
−β òàêîé, ÷òî

â ñëó÷àå (1.4.10) è (1.4.12) òðåáóåòñÿ, ÷òîáû f1(0) = f1(1) = 0;

â ñëó÷àå (1.4.11) òðåáóåòñÿ, òîëüêî ÷òîáû f1(0) = 0

ñõîäÿòñÿ àáñîëþòíî è ðàâíîìåðíî

1.7 Ðÿäû Ôóðüå-Áåññåëÿ è Äèíè ïðè β ≥ 1

Îðòîãîíàëüíîñòü ôóíêöèé Λ
(n)
−β â âåñîâîì êëàññå ôóíêöèé L−β

2 (−1, 1)

ðàâíîñèëüíà îðòîãîíàëüíîñòè ôóíêöèé x−β/2 Λ
(n)
−β â îáû÷íîì ïðî-

ñòðàíñòâå Ëåáåãà L2(−1, 1) . Ïîýòîìó äëÿ ñèñòåì ôóíêöèé (1.4.7) �

(1.4.9) ñïðàâåäëèâû óòâåðæäåíèÿ îòíîñèòåëüíî ðÿäîâ Ôóðüå ïî ïðî-

èçâîëüíîé ñèñòåìå îðòîãîíàëüíûõ ôóíêöèé â L2(−1, 1) . Äàäèì ôîð-

ìóëèðîâêè ýòèõ óòâåðæäåíèè â òåðìèíàõ Λ−β -ôóíêöèé. Îòìåòèì, ÷òî

ôóíêöèè Λ
(n)
−β = J∗µ(λnt) = tµJµ(λnt) ïðåäïîëàãàþòñÿ ÷åòíûìè, ïîýòî-

ìó äàëåå èíòåãðàëüíûå îïåðàöèè äîñòàòî÷íî ðàññìîòðåòü íà îòðåçêå

[0, 1] .

Ðÿä ïî Â-öèëèíäðè÷åñêèì ôóíêöèÿì (1.4.7) � (1.4.9)

f(t) =
∞∑

n=1

an J∗µ(λn t) , an = 2

1∫
0

f(t) J∗µ(λnt) t−β dt

áóäåì íàçûâàòü ðÿäîì Ôóðüå-Áåññåëÿ, åñëè ÷èñëà λn óäîâëåòâîðÿþò

óñëîâèÿì (1.4.7) èëè (1.4.8), ñîîòâåòñòâåííî, è ðÿäîì Äèíè, åñëè ÷èñëà

λn óäîâëåòâîðÿþò óñëîâèþ (1.4.9).

Ôóíêöèè

Tn(t) =
Λ
(n)
−β(t)

∥Λ(n)
−β∥L−γ

2 (0,1)

áóäåì íàçûâàòü íîðìèðîâàííûìè Λ
(n)
−β -ôóíêöèÿìè. Çäåñü, ïî ïðåæ-

íåìó, ïîä ñèìâîëîì Λ
(n)
−β ïîíèìàåì îäíó èç ôóíêöèé J∗µ(λnt) ,
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µ = β+1
2 ≥ 1 , êîãäà ÷èñëà λn óäîâëåòâîðÿåò îäíîìó èç òðåõ óðàâ-

íåíèé (1.4.7), (1.4.8), (1.4.9). Åñëè ôóíêöèÿ f ∈ H2
−β(0, 1) , òî â ñìûñëå

ñõîäèìîñòè â âåñîâîì ñðåäíåì äëÿ íåå ñïðàâåäëèâî ïðåäñòàâëåíèå

f(t) =

∞∑
n=1

anTn(t), an = 2

∫ 1

0

f(t) Tn(t) t
−βdt .

Ñîãëàñíî òåîðåìå Ðèññà�Ôèøåðà äëÿ îðòîíîðìèðîâàííîé â

L−β
2 (0, 1) ïîñëåäîâàòåëüíîñòè ôóíêöèé {Λ(n)

−β}∞n=1 è ïîñëåäîâàòåëüíî-

ñòè ÷èñåë c1, c2, . . . , òàêîé ÷òî
∑∞

i=1 |cn|2 < ∞ , íàéäåòñÿ ôóíêöèÿ

f ∈ L−β
2 (0, 1) òàêàÿ, ÷òî åå êîýôôèöèåíòû Ôóðüå ïî ñèñòåìå {Λ(n)

−β}
ðàâíû cn è âûïîëíÿåòñÿ ðàâåíñòâî Ïàðñåâàëÿ

b∫
a

|f |2 t−βdt =

∞∑
i=1

a2n ,

à äëÿ ÷àñòè÷íîé ñóììû sn ðÿäà Ôóðüå ôóíêöèè f èìååò ìåñòî ¾ñõî-

äèìîñòü â ñðåäíåì¿

lim
n→∞

1∫
0

|f − sn|2 t−βdt = 0 .

Ýòî óòâåðæäåíèå ïðèâîäèò ê âûâîäó, ÷òî äîñòàòî÷íûì óñëîâèåì ïîë-

íîòû è çàìêíóòîñòè ñèñòåì {Λ(n)
−β}∞n=1 ÿâëÿåòñÿ âûïîëíåíèå ðàâåíñòâà

Ïàðñåâàëÿ.

Ýòî ïðèâîäèò ê ñëåäóþùåìó óòâåðæäåíèþ â âåñîâîì ëåáåãîâîì

êëàññå.

Òåîðåìà 1.7.1. Ñèñòåìû ôóíêöèé {Tn(t)} ÿâëÿþòñÿ ïîëíûìè (çà-

ìêíóòûìè) â L−β
2 (0, 1) .

Îòìåòèì, ÷òî âñÿêàÿ ôóíêöèÿ f(t) ∈ L−β
2 (−1, 1) âïîëíå îïðåäå-

ëåíà ñâîèì ðÿäîì Ôóðüå-Áåññåëÿ èëè Äèíè íåçàâèñèìî îò òîãî ñõîäÿòñÿ

ñîîòâåòñòâóþùèå ðÿäû èëè íåò.
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1.7.1 Î ðàâíîìåðíîé ñõîäèìîñòè Λ−β -áåññåëåâûõ

ðÿäîâ Ôóðüå ïðè β ≥ 1

Òåîðåìà 1.7.2. Ïóñòü −β=1−2µ≤−1 , ÷èñëà λn óäîâëåòâîðÿþò

îäíîìó èç óñëîâèé (1.4.7) � (1.4.9) è ôóíêöèÿ f(t) ∈ H2m+1
−β (0, 1) ,

m=0, 1, 2, . . . ïðè ýòîì

â ñëó÷àå (1.4.7) è (1.4.9)

òðåáóåòñÿ, ÷òîáû Dα
B−β

f(0) = Dα
B−β

f(1) = 0; (1.7.1)

â ñëó÷àå (1.4.8) òðåáóåòñÿòîëüêî, ÷òîáû Dα
Bf(0) = 0 , (1.7.2)

ãäå â îáîèõ ñëó÷àÿõ α ÷åòíîå ÷èñëî α = 0, 2, . . . , 2m. Òîãäà äëÿ êî-

ýôôèöèåíòîâ ðÿäîâ Ôóðüå�Áåññåëÿ (1.4.7), (1.4.8) è Äèíè (1.4.9) ñïðà-

âåäëèâà îöåíêà

an = O(λ−2m
n ), n→ ∞.

Â êà÷åñòâå ñëåäñòâèÿ èç ýòîé òåîðåìû ñïðàâåäëèâî óòâåðæäåíèå

î ðàâíîìåðíîé è àáñîëþòíîé ñõîäèìîñòè ðÿäà Ôóðüå-Áåññåëÿ äëÿ ïðî-

èçâîäíîé ôóíêöèè.

Ñëåäñòâèå 1.7.1. Ïóñòü f1 = f ′(t) ∈ C1(0, 1), B−βf1 ∈ L−β
2 (0, 1) è

ïóñòü

f1(0) = f1(1) = 0;

Òîãäà äëÿ êîýôôèöèåíòîâ ðÿäà Ôóðüå-Áåññåëÿ (1.4.8) ñïðàâåäëèâà îöåí-

êà

|an| = O(λ−4
n )

è ðÿä Ôóðüå�Áåññåëÿ f ′(t) =
∑∞

1 anTn(t) ñõîäèòñÿ àáñîëþòíî è ðàâ-

íîìåðíî.
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1.7.2 Î B−β - ïðîçâîäíûõ ðÿäîâ ïî íîðìèðîâàííûì

Λ
(n)
−β -ôóíêöèÿì ïðè β ≥ 1

Ôîðìàëüíàÿ ïî÷ëåííàÿ B−β -ïðîèçâîäíàÿ ðÿäà Ôóðüå�Áåññåëÿ (1.4.7),

(1.4.8) èëè Äèíè (1.4.9)

f(x) =

∞∑
0

an Λ
(n)
−β(t)

ïðèâåäåò âíîâü ê òåì æå ðÿäàì Ôóðüå�Áåññåëÿ èëè Äèíè, êîòîðûå,

âîîáùå ãîâîðÿ, íå îáÿçàíû áûòü ñõîäÿùèìèñÿ:

Bm
−βf ∼

∞∑
1

a′n Λ
(n)
−β(t) , a′n =

∫ 1

−1

(Bm
−βf)(t)Λ

(n)
−β(t) t

−βdt .

Ïðè ýòîì a′n = (−λ2n)m an . Íî åñëè ðÿä äëÿ Bm
−βf îêàçûâàåòñÿ ñõîäÿ-

ùèìñÿ, òî èìååò ìåñòî ðàâåíñòâî

Bm
−βf =

∞∑
1

a′n Λ
(n)
−β(t) t

−βdt . (1.7.3)

Ñõîäèìîñòü ðÿäîâ èç Â-ïðîèçâîäíûõ ðÿäà (1.7.3) ìîæíî ïîëó-

÷èòü â êà÷åñòâå ñëåäñòâèÿ èç òåîðåìû 1.7.2.

Òåîðåìà 1.7.3. Ïóñòü f1 = (Dm
B−β

f)(t) ∈ C(0, 1) , m = 0, 2, 4, . . . .

Ðÿäû Ôóðüå-Áåññåëÿ (1.4.7), (1.4.8) èëè Äèíè (1.4.9) äëÿ ôóíêöèè

f1(t)∈H2m+1
−β òàêîé, ÷òî

â ñëó÷àå (1.4.7) è (1.4.9) òðåáóåòñÿ, ÷òîáû f1(0) = f1(1) = 0;

â ñëó÷àå (1.4.8) òðåáóåòñÿ, òîëüêî ÷òîáû f1(0) = 0

ñõîäÿòñÿ àáñîëþòíî è ðàâíîìåðíî
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Ãëàâà 2

Çàäà÷à Êîøè äëÿ

B-ãèïåðáîëè÷åñêèõ

óðàâíåíèé è ïðèíöèï

Ãþéãåíñà

Â íàñòîÿùåé ãëàâå èçó÷àåòñÿ äåéñòâèå íà j-ôóíêöèþ Áåññåëÿ âåùå-

ñòâåííîãî ïîðÿäêà µ = β−1
2 ≥ − 1

2 ñìåøàííîãî FB -ïðåîáðàçîâàíèÿ

(Ëåâèòàíà). Íàõîäÿòñÿ ÿâíûå ïðåäñòàâëåíèÿ òàêèõ ïðåîáðàçîâàíèé (â

çàâèñèìîñòè îò çíà÷åíèé ïîðÿäêà µ ), êîòîðûå èñïîëüçóþòñÿ ïðè èçó÷å-

íèè çàäà÷è Êîøè äëÿ óðàâíåíèé B-ãèïåðáîëè÷åñêîãî òèïà ñ îïåðàòîðà-

ìè Áåññåëÿ ïî âðåìåííîé è ïðîñòðàíñòâåííûì ïåðåìåííûì. Ôîðìóëû

ðåøåíèé ñòðîÿòñÿ c ïîìîùüþ èíòåãðàëüíûõ ïðåîáðàçîâàíèé Ëåâèòàíà

è Ëåâèòàíà�Êèïðèÿíîâà�Êàòðàõîâà. Èññëåäóþòñÿ îáëàñòè çàâèñèìî-

ñòè ðåøåíèé, à òàêæå âûäåëÿþòñÿ óñëîâèÿ ñïðàâåäëèâîñòè ïðèíöèïà

Ãþéãåíñà.
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2.1 Ñìåøàííîå FB -ïðåîáðàçîâàíèå

(Ëåâèòàíà) ðàäèàëüíîé

j-ôóíêöèè Áåññåëÿ

Ââåäåì ìíîãîìåðíûé îïåðàòîð Ïóàññîíà

Pγ
x′f =

n∏
i=1

Γ
(
γi+1
2

)
Γ
(
γi

2

)
Γ
(
1
2

) π∫
0

. . .

π∫
0

f(x1 cosα1, . . . , xn cosαn, x
′′) ×

×
n∏

i=1

sinγi−1 αi dα1 . . . dαn.

Òîãäà

Λ(x, ξ) = jγ(x
′, ξ′) e−i⟨x′′,ξ′′⟩ = Pγ

x′e
−i⟨x , ξ⟩ , x, ξ ∈ R+

n,N−n. (2.1.1)

Ïðàâàÿ ÷àñòü ôîðìóëû (2.1.1) íàçûâàåòñÿ ïëîñêîé âåñîâîé âîëíîé. Îá-

ùèé âèä: Pγ
x′f(⟨x , ξ⟩) . Íåêîòîðûå èíòåãðàëüíûå îïåðàöèè îò ïëîñêèõ

âåñîâûõ âîëí ðàññìîòðåíû â [40].

2.1.1 Ñôåðè÷åñêèé âåñîâîé èíòåãðàë îò ÿäðà

ñìåøàííîãî ïðåîáðàçîâàíèÿ Ëåâèòàíà

Ïóñòü S+
1 (N)={x : |x|=1, x ∈ R+

n,N−n} � ïîâåðõíîñòü åäèíè÷íîé n -

ïîëóñôåðû â R+
n,N−n . Ïëîùàäü âçâåøåííîé N -ïîëóñôåðû âû÷èñëÿ-

åòñÿ ïî ôîðìóëå ([34], ñòð.21)

|S+
1 (N)|γ =

∫
S+
1 (N)

(ξ′)γ dS =
π

N−n
2

2n−1

∏n
i=1 Γ

(
γi+1
2

)
Γ
(

N+|γ|
2

) . (2.1.2)

Â [40] ïîëó÷åíà ôîðìóëà∫
S+
1 (N)

Pγ
x′f (⟨x , ξ⟩) (x′)γ dS = |S+

1 (N − 1)|γ

1∫
−1

(l − p2)
N+|γ|−3

2 f(p|x|) dp .

(2.1.3)
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Ëåììà 2.1.1.∫
S+
1 (N)

Λγ(x, ξ)(ξ
′)γdS(ξ) = |S1(N)| jN+|γ|−2

2
(ρ), ρ = |x| , (2.1.4)

Äîêàçàòåëüñòâî. Èç (2.1.1) è (2.1.3), èìååì∫
S+
1 (N)

Λγ(x, ξ)(ξ
′)γdS(ξ) =

∫
S+
1 (N)

Pγ
x′e

−i⟨ x, ξ⟩(ξ′)γdS(ξ)=

= |S+
1 (N−1)|γ

1∫
−1

e−i t |x| (1−t2)
N+|γ|−3

2 dt

èëè, åñëè ñëåâà âçÿòü ñðåäíåå çíà÷åíèå ïî ñôåðå, òî

1

|S+
1 (N)|

∫
S+
1 (N)

Λγ(x, ξ)(ξ
′)γdS(ξ) =

=
|S+

1 (N−1)|γ
|S+

1 (N)|

1∫
−1

e−i t |x| (1− t2)
N+|γ|−3

2 dt .

Ó÷èòûâàÿ ôîðìóëó äëÿ ïëîùàäè âçâåøåííîé N -ïîëóñôåðû (2.1.2) ïî-

ëó÷àåì

|S+
1 (N−1)|γ
|S+

1 (N)|γ
=
π

N−n−1
2

∏n
i=1 Γ

(
γi+1
2

)
2n−1Γ

(
N+|γ|−1

2

) 2n−1 Γ
(

N+|γ|
2

)
π

N−n
2

∏n
i=1 Γ

(
γi+1
2

) =

=
Γ
(

N+|γ|
2

)
Γ
(

N+|γ|−1
2

)
Γ
(
1
2

) .
Ñëåäîâàòåëüíî

1

|S+
1 (N)|

∫
{|ξ|=1}+

Λγ(x, ξ)(ξ
′)γdS(ξ) =
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=
Γ
(

N+|γ|
2

)
Γ
(

N+|γ|−1
2

)
Γ
(
1
2

) 1∫
−1

e−i t |x| (1− t2)
N+|γ|−3

2 dt =

=
Γ
(

N+|γ|
2

)
Γ
(

N+|γ|−1
2

)
Γ
(
1
2

) π∫
0

e−i |x| cosα sinN+|γ|−2 α dα .

Çäåñü ïîëó÷åííîå âûðàæåíèå ñïðàâà ïðåäñòàâëÿåò èíòåãðàë Ïóàññîíà

(1.1.2) äëÿ j-ôóíêöèè Áåññåëÿ jN+|γ|−2
2

. Îòñþäà ñëåäóåò (2.1.4).

Äîêàçàòåëüñòâî çàêîí÷åíî.

Îòìåòèì, ÷òî ïîëó÷åííàÿ âûøå ôîðìóëà ñïðàâåäëèâà è â ñëó÷àå

îòñóòñòâèÿ âåñîâûõ ïåðåìåííûõ. À èìåííî, ïóñòü x, ξ ∈ Rn , òîãäà∫
S1(n)

e−i⟨x ξ⟩dS(ξ) = |S1(n)| jn−2
2

(ρ), ρ = |x| ,

Ýòà ôîðìóëà èçâåñòíà èç [17] ñ.94, ãäå îíà çàïèñàíà ÷åðåç ïîñðåäñòâî

ôóíêöèé Áåññåëÿ ïåðâîãî ðîäà Jν è èìååò áîëåå ãðîìîçäêèé âèä.

2.1.2 Ñìåøàííîå FB -ïðåîáðàçîâàíèå ôèíèòíîé

ðàäèàëüíîé ôóíêöèè

Ìíîæåñòâî

{|ξ| < a}+ = {ξ : |ξ|<a, ξ1 > 0, . . . , ξn > 0}

áóäåì íàçûâàòü n -ïîëóøàðîì â R+
n,N .

Òåîðåìà 2.1.1. Ïóñòü N ≥ 2 , n ≥ 1 � ôèêñèðîâàííûå íàòóðàëüíûå

÷èñëà è γ = (γ1, . . . , γn) � ìóëüòèèíäåêñ, ñîñòîÿùèé èç ôèêñèðîâàí-

íûõ ïîëîæèòåëüíûõ ÷èñåë. FBγ
-ïðåîáðàçîâàíèå îïðåäåëåíî íà îñíîâå

j-ôóíêöèé Áåññåëÿ jν , ïîðÿäêîâ νi =
γi−1
2 , à jµ �j-ôóíêöèÿ Áåññåëÿ

ïîðÿäêà µ = β−1
2 è èíäåêñû β ≥ 0 è γi ≥ 0 ÿâëÿþòñÿ ðàçìåðíîñòüþ

ñîîòâåòñòâóþùèõ îïåðàòîðîâ Áåññåëÿ.
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Ïðè µ > N+|γ|−1
2 , (β > N + |γ|) îáðàòíîå FB -ïðåîáðàçîâàíèå

îò ôèíèòíîé ðàäèàëüíîé ôóíêöèè

ψa,µ(|ξ|) =

{
(a2 − |ξ|2)µ−

N+|γ|
2 , ξ ∈ {|ξ| < a}+ ,

0, ξ /∈ {|ξ| < a}+ .

âûðàæàåòñÿ ôîðìóëîé

F−1
B [ψa,µ](x) = A(N,n, µ, γ) a2µ jµ(a|x|), (2.1.5)

ãäå

A(N,n, µ, γ) =
π

n−N
2

2N−n+|γ|

Γ
(
µ+ 1− N+|γ|

2

)
Γ(µ+ 1)

∏n
i=1 Γ

(
γi+1
2

) .
Äîêàçàòåëüñòâî. Êîíñòàíòó, íîðìèðóþùóþ îáðàòíîå ñìåøàí-

íîå FB -ïðåîáðàçîâàíèå , îáîçíà÷èì C(N,n, γ) :

C(N,n, γ) =

[
(2π)N−n 2|γ|−n

n∏
i=1

Γ2

(
γi + 1

2

)]−1

. (2.1.6)

Èìååì

F−1
B [ψa,µ](x) = C(N,n, γ)

∫
R+

n,N−n

ψa,µ(ξ) Λγ(x, −ξ) (ξ′)γ dξ =

= C(N,n, γ)

∫
{|ξ|<a}+

(a2 − |ξ|2)µ−
N+|γ|

2 Λγ(x, −ξ) (ξ′)γ dξ ,

ãäå Λγ(x,−ξ)=
∏n

i=1 j γi−1

2
(xiξi) e

⟨x′′, ξ′′⟩ . Òåïåðü ìîæåì âîñïîëüçîâàòü-

ñÿ âòîðîé òåîðåìîé î ñôåðè÷åñêîì óïëîòíåíèè (òåîðåìà 1.1.4 )∫
R+

N

f(|x|)
n∏

i=1

j γi−1

2
(xiξi) e

i⟨x′′, ξ′′⟩ (x′)γ dx =

|S+
1 (N)|

∫
R+

1

f(r) jN+|γ|−2
2

(rρ) rN+|γ|−1 dr.
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Ïðèìåíÿÿ ýòî ðàâåíñòâî, èìååì

F−1
B [ψa,µ](x) = C(N,n, γ) |S+

1 (N)|γ ×

×
a∫

0

jN+|γ|−2
2

(r|x|) (a2 − r2)µ−
N+|γ|

2 rN+|γ|−1 dr .

Çäåñü ïîëîæèì t = r/a , òîãäà

F−1
B [ψa,µ](x) = C(N,n, γ) |S+

1 (N)|γ a2µ ×

×
1∫

0

jN+|γ|−2
2

(at|x|) (1− t2)µ−
N+|γ|

2 tN+|γ|−1 dt . (2.1.7)

Èçâåñòíà ôîðìóëà (ñì. [5], c.702, 6.567á ôîðìóëà 1.)∫ 1

0

xν+1 (1− x2)µ Jν(bx) dx=
2µ Γ(µ+1)

bµ+1
Jµ+ν+1(b) , β>0, µ, ν>− 1 ,

ãäå Jν � ôóíêöèÿ Áåññåëÿ ïåðâîãî ðîäà ïîðÿäêà ν . Âîñïîëüçîâàâøèñü

ôîðìóëîé (1.3.1), çàïèøåì∫ 1

0

x2µ+1 (1−x2)ν jµ(bx) dx =
Γ(ν + 1)Γ(µ+ 1)

2 Γ(ν + µ+ 2)
jν+µ+1(b) , ν, µ > −1 .

(2.1.8)

Òåïåðü, ïðîäîëæàÿ ðàâåíñòâî (2.1.7), èìååì

F−1
B [ψa,µ](x) = A(µ,N, n, γ) a2µ jµ(a|x|) .

Îñòàåòñÿ âû÷èñëèòü êîíñòàíòó. Èç (2.1.2) è (2.1.6) ñëåäóåò

A(µ,N, n, γ) =

= C(N,n, γ) |S+
1 (N)|γ

Γ
(
µ− N+|γ|

2 + 1
)
Γ
(

N+|γ|−2
2 + 1

)
2Γ
(
µ− N+|γ|

2 + N+|γ|−2
2 + 2

) =

=
1

(2π)N−n 2|γ|−n
∏n

i=1 Γ
2
(
γi+1
2

) π
N−n

2

2n−1

∏n
i=1 Γ

(
γi+1
2

)
Γ
(

N+|γ|
2

) ×
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×
Γ
(
µ− N+|γ|−2

2

)
Γ
(

N+|γ|
2

)
2Γ(µ+ 1)

=
π

n−N
2

2N−n+|γ|

Γ
(
µ+ 1− N+|γ|

2

)
Γ(µ+ 1)

∏n
i=1 Γ

(
γi+1
2

) .
Îòñþäà âûòåêàåò ðàâåíñòâî (2.1.5).

Äîêàçàòåëüñòâî çàêîí÷åíî.

Ñëåäñòâèå 2.1.1. Ïóñòü N ≥ 2 , n ≥ 1 � ôèêñèðîâàííûå íàòó-

ðàëüíûå ÷èñëà è γ � ìóëüòèèíäåêñ, ñîñòîÿùèé èç ôèêñèðîâàííûõ

ïîëîæèòåëüíûõ ÷èñåë, {|ξ| < a}+ = {ξ : |ξ|<a, ξ1 > 0, . . . , ξn > 0} �

n -ïîëóøàð â R+
n,N .

Ïðè µ > N+|γ|−1
2 (β > N + |γ|) ñïðàâåäëèâî ðàâåíñòâî

FB [jµ(a |x|)](ξ) = FB [jµ(a |x|)](|ξ|) =

=


(a2−|ξ|2)µ−N+|γ|

2

a2µ A(µ,N,n,γ) , ξ ∈ {|ξ| < a}+ ,

0 , ξ /∈ {|ξ| < a}+ ,

(2.1.9)

ãäå

A(N,n, µ, γ) =
π

n−N
2

2N−n+|γ|

Γ
(
µ+ 1− N+|γ|

2

)
Γ(µ+ 1)

∏n
i=1 Γ

(
γi+1
2

) .
Ä î ê à ç à ò å ë ü ñ ò â î . Äîêàæåì ñíà÷àëà, ÷òî ïðè µ > N+|γ|−1

2

ôóíêöèÿ jµ(a |x|) ∈ Lγ
2(R

+
N ) . Èç àñèìïòîòè÷åñêîãî ïðåäñòàâëåíèÿ

ôóíêöèè Áåññåëÿ ïåðâîãî ðîäà ([3] ñòð. 222) èìååì

Jµ(s) =

√
2

π s
cos(s− πµ

2− π
4

) +O(s−
3
2 ) .

Òîãäà

|jµ(s)| = C(µ)

∣∣∣∣Jµ(s)sµ

∣∣∣∣ = O(1/sµ+
1
2 ) , s→ ∞ .

ïðè µ > N+|γ|−1
2 è s → ∞ ñëåäóåò, ÷òî ôóíêöèÿ

n∏
i=1

xγi

i j 2
µ(a |x|)

ïðè áîëüøèõ |x| óáûâàåò áûñòðåå |x|−N è ñëåäîâàòåëüíî, ôóíêöèÿ

jµ(a|x|) ∈ Lγ
2(R

+
N ) . Íî òîãäà åå FB -ïðåîáðàçîâàíèå FB [jµ(a|x|)](ξ) ñó-

ùåñòâóåò è îáðàòèìî, ïðè÷åì îáðàòíîå ñìåøàííîå FB -ïðåîáðàçîâàíèå
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ìîæíî íàéòè êàê ïðÿìîå ïðåîáðàçîâàíèå îáðàçà îáðàòíîãî. Íàéäåì åãî

îïèðàÿñü íà òåîðåìó 2.1.1. Ïðèìåíÿÿ ê ïðàâîé è ëåâîé ÷àñòè ôîðìóëû

(2.1.5) ñìåøàííîå FB -ïðåîáðàçîâàíèå è ó÷èòûâàÿ, ÷òî îíî îáðàòèìî

íà ôóíêöèÿõ èç Lγ
2 , ïîëó÷èì

ψa,µ(ξ) = A(µ,N, n, γ) a2µ FB [jµ(a|x|)],

îòêóäà

FB [jµ(a|x|)](ξ) =
ψa,µ(ξ)

A(µ,N, n, γ) a2µ
=

 (a2−|ξ|2)µ−N+|γ|
2

A(µ,N,n,γ) a2µ , ξ∈{|ξ|<a}+,
0, ξ /∈{|ξ|<a}+.

Êîíñòàíòà A(µ,N, n, γ) îïðåäåëåíà â ôîðìóëèðîâêå òåîðåìû 2.1.1. Â

èòîãå ìû ïîëó÷èì ðàâåíñòâî (2.1.9).

Äîêàçàòåëüñòâî çàêîí÷åíî.

Îáðàòèì âíèìàíèå íà òî, ÷òî óñëîâèå N ≥ 2 òåîðåìû 2.1.1 ñâÿçà-

íî ëèøü ñ òåì æå óñëîâèåì ëåììû 2.1.1 è ñ èíòåãðèðîâàíèåì ïî ïîâåðõ-

íîñòè, ðàçìåðíîñòü êîòîðîé íå ìîæåò áûòü ìåíüøå äâóõ. Íî â ñëó÷àå

N = 1 (ðàçóìååòñÿ, ÷òî ïðè ýòîì n = N = 1 ) ñïðàâåäëèâ ïîëíûé

àíàëîã ýòîé òåîðåìû, êîòîðûé äîêàçûâàåòñÿ íåñêîëüêî ïðîùå.

Òåîðåìà 2.1.2. Ïóñòü N = n = 1 , γ > 0 , a > 0 è ÷èñëî µ > γ−1
2 .

Òîãäà îáðàòíîå FB -ïðåîáðàçîâàíèå îò ôóíêöèè

ψa,µ(|ξ|) =

{
(a2 − ξ2)µ−

|γ|−1
2 , |ξ| ∈ (0, a) ,

0, |ξ| /∈ (0, a) .

âûðàæàåòñÿ ôîðìóëîé

F−1
B [ψa,µ](x) = A(µ, γ) a2µ jµ(ax),

ãäå

A(µ, γ) =
1

2γ
Γ
(
µ+ 1− 1+γ

2

)
Γ(µ+ 1) Γ

(
γ+1
2

) .

60



Äîêàçàòåëüñòâî. Èìååì

F−1
B [ψa,µ](x) = C(γ)

a∫
0

j γ−1
2
(x, ξ) (a2 − ξ2)µ−

1+γ
2 ξγ dξ .

Çäåñü ïîëîæèì t = ξ/a , òîãäà

F−1
B [ψa,µ](x) = C(γ) a2µ

a∫
0

j γ−1
2
(atx) (1− t2)µ−

1+γ
2 tγ dξ .

Èñïîëüçóÿ ôîðìóëó (2.1.8), ïîëó÷èì

F−1
B [ψa,µ](x) = C(γ)

Γ
(
µ− 1+γ

2 + 1
)
Γ
(
γ−1
2 + 1

)
2Γ (µ+ 1)

a2µ jµ(ax) =

= A(µ, γ) a2µ jµ(ax),

ãäå

A(µ, γ) =
1

2γ
Γ
(
µ+ 1− 1+γ

2

)
Γ(µ+ 1) Γ

(
γ+1
2

) .
Äîêàçàòåëüñòâî çàêîí÷åíî.

Ñëåäñòâèå 2.1.2. Ïóñòü N=n=1 è γ � ìóëüòèèíäåêñ, ñîñòîÿùèé

èç ôèêñèðîâàííûõ ïîëîæèòåëüíûõ ÷èñåë, 0 < |ξ| < a .

Ïðè µ > γ
2 ñïðàâåäëèâî ðàâåíñòâî

FB [jµ(a |·|)](ξ) = FB [jµ(a |·|)](|ξ|) =


(a2−ξ2)µ− 1+γ

2

a2µ A(µ,γ) , |ξ|∈{|ξ|<a}+ ,

0 , |ξ|/∈{|ξ|<a}+ ,

ãäå

A(µ, γ) =
1

2γ
Γ
(
µ+ 1− 1+γ

2

)
Γ(µ+ 1) Γ

(
γ+1
2

) .
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Äîêàçàòåëüñòâî àíàëîãè÷íî äîêàçàòåëüñòâó ñëåäñòâèÿ 2.1.1.

Îòìåòèì, ÷òî ôîðìóëà ïðåîáðàçîâàíèÿ Ôóðüå ôóíêöèè ψa,µ(|x|)
ïðè µ > n

2 ïîëó÷åíà â [50] (ñ. 194) â òåðìèíàõ ôóíêöèé Áåññåëÿ ïåðâîãî

ðîäà. À äëÿ µ > n−1
2 è â òåðìèíàõ j-ôóíêöèé Áåññåëÿ ýòà æå ôîðìóëà

ïðèâåäåíà â [19].

2.1.3 Ñìåøàííîå FB -ïðåîáðàçîâàíèå îáîáùåííîé

ðàäèàëüíîé j-ôóíêöèè Áåññåëÿ öåëîãî,

ïîëóöåëîãî ïîðÿäêà

FB -Ïðåîáðàçîâàíèå îáîáùåííûõ ôóíêöèé f ∈ D ′ ñ êîìïàêòíûì íî-

ñèòåëåì âû÷èñëÿåòñÿ ïî ôîðìóëå ( ([25] ñòð. 31)):

FB [f ](ξ) =

∫
R+

n,N−n

η(x) f(x) Λγ(x, ξ)(x
′)γ dx,

ãäå η � ëþáàÿ ôóíêöèÿ èç ïðîñòðàíñòâà Dev îñíîâíûõ ôóíêöèé, ðàâ-

íàÿ 1 â îêðåñòíîñòè íîñèòåëÿ f .

Äîêàçàòåëüñòâî òåîðåìû 2.1.1 îñóùåñòâëåíî ïðè óñëîâèè, ÷òî

µ > N+|γ|−1
2 . Â ÷àñòíîñòè èç òåîðåìû 2.1.1 ñëåäóåò, ÷òî â ñëó÷àå

µ = N+|γ|
2 ôîðìóëà ïðåîáðàçîâàíèÿ Ëåâèòàíà ðàäèàëüíîé j-ôóíêöèè

Áåññåëÿ èìååò âèä

FB [jN+|γ|
2

(a|x|)](ξ) =


1

A(N,n,γ) aN+|γ| , ξ ∈ {|ξ| < a}+,

0 , ξ /∈ {|ξ| < a}+,

ãäå

A(N,n, γ) =
π

n−N
2

2N−n+|γ|−1 Γ(N+|γ|
2 + 1)

∏n
i=1 Γ

(
γi+1
2

) .
Ýòî âåñüìà èíòåðåñíàÿ ôîðìóëà. Ãëàâíîå åå äîñòîèíñòâî çàêëþ÷àåòñÿ

â ïîñòîÿíñòâå ôóíêöèè FB [jN+|γ|
2

(a|x|)](ξ) â øàðå |ξ| ≤ a è âíå øàðà.
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Ïðè − 1
2 ≤ µ ≤ N+|γ|−1

2 FB -ïðåîáðàçîâàíèå ôóíêöèè jµ(a |x|) â

êëàññè÷åñêîì ñìûñëå íå ñóùåñòâóåò, îäíàêî, îíî ìîæåò áûòü âû÷èñëåíî

â ðàìêàõ òåîðèè îáîáùåííûõ âåñîâûõ ôóíêöèé.

Ôóíêöèÿ jµ(a |x|) , µ = β−1
2 îïðåäåëÿåò ðåãóëÿðíûé ôóíêöèî-

íàë â ïðîñòðàíñòâå S ′
ev . Äåéñòâèòåëüíî ôóíêöèÿ j β−1

2
(a|x|) ÷åòíàÿ è

ïðè |x| → ∞ óáûâàåò êàê |x|−
β
2 . Åå ïðîèçâîäíûå ïî x ïîðÿäêîâ q

(q = 1, 2, ...) óáûâàþò ïðè |x| → ∞ êàê a2q|x|−
β
2 . Âñëåäñòâèå ýòîãî

ïðè êàæäîì a > 0 ôóíêöèÿ j β−1
2
(a|x|) ÿâëÿåòñÿ ìóëüòèïëèêàòîðîì â

ïðîñòðàíñòâå Sev(RN ) . Ïîýòîìó åãî ïðåîáðàçîâàíèå Ëåâèòàíà (ïîíè-

ìàåìîå, êàê ñìåøàííîå FB -ïðåîáðàçîâàíèå â S′
ev ÿâëÿåòñÿ ñâåðòûâà-

òåëåì íàä ïðîñòðàíñòâîì Sev(RN ) (ñì. [35]).

Ïðåäïîëîæèì, ÷òî ðàçìåðíîñòè γi òàêîâû, ÷òî |γ| = γ1+ . . .+γn

� íàòóðàëüíîå ÷èñëî. Êàê â [19], ââåäåì ðàñïðåäåëåíèÿ Êèïðèÿíîâà Iαa
íà ñôåðå, êîòîðûå îïðåäåëèì ïðè ÷åòíûõ è íå÷åòíûõ N + |γ| â âèäå
ñèíãóëÿðíûõ îáîáùåííûõ ôóíêöèé èç S ′ , íîñèòåëè êîòîðûõ ñîñðåäî-

òî÷åíû íà ïîâåðõíîñòè N -ïîëóñôåðû â R+
N , è êîòîðûå äåéñòâóþò íà

îñíîâíûå ôóíêöèè φ ∈ Sev ïî ôîðìóëàì

a) ïðè ÷åòíîì N + |γ|

(
Ika , φ

)
γ
=

1

a2k

(
1

a

d

da

)N+|γ|
2 −k−1 [

aN+|γ|−2

∫
S+
1 (N)

φ(aξ) (ξ′)γ dS(ξ)

]
,

(2.1.10)

b) ïðè íå÷åòíîì N + |γ|

(
I
k− 1

2
a , φ

)
γ
=

1

a2k−1

(
1

a

d

da

)N+|γ|−1
2 −k [

aN+|γ|−2

∫
S+
1 (N)

φ(aξ) (ξ′)γ dS(ξ)

]
.

(2.1.11)

Òåîðåìà 2.1.3. Ïóñòü |γ| � íàòóðàëüíîå ÷èñëî. FBγ -

Ïðåîáðàçîâàíèå ôóíêöèè jµ(a |x|) , ïîíèìàåìîå â ñìûñëå ïðîñòðàí-

ñòâà S′
ev , ïðè µ = k èëè µ = k − 1

2 , ãäå k öåëîå, 0 ≤ k ≤ N+|γ|−1
2

(0 ≤ β ≤ N + |γ|) , èìååò âèä
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a) ïðè ÷åòíîì N + |γ| ≥ 2 è µ = β−1
2 = k (ò.å. β = 2k + 1 �

íå÷åòíîå ÷èñëî)

FBγ
[jk(a|x|)](ξ) = Ak(N,n, γ) · Ika , (2.1.12)

ãäå

Ak(N,n, γ) = 2k+
N+|γ|

2 −nΓ(k + 1)π
N−n

2

n∏
i=1

Γ

(
γi + 1

2

)
;

b) ïðè íå÷åòíîì N + |γ| ≥ 3 è µ = β−1
2 = k − 1/2 (ò.å. β = 2k

� ÷åòíîå ÷èñëî)

FBγ [jk− 1
2
(a|x|)](ξ) = Ak− 1

2
(N,n, γ) · Ik−

1
2

a . (2.1.13)

ãäå

Ak− 1
2
(N,n, γ) = 2k−

1
2+

N+|γ|
2 −nΓ

(
k +

1

2

)
π

N−n
2

n∏
i=1

Γ

(
γi + 1

2

)
.

Ä î ê à ç à ò å ë ü ñ ò â î . Äîêàæåì ñëó÷àé a).

Âû÷èñëèì FBγ -ïðåîáðàçîâàíèå îò îáîáùåííîé ôóíê-

öèè Ika , èìåþùåé íîñèòåëü íà ñôåðå |ξ| = a . Èçâåñòíî,

÷òî FBγ
-ïðåîáðàçîâàíèå (Ôóðüå-Áåññåëÿ, ñì [25]) îáîáùåí-

íîé ôóíêöèè ñ êîìïàêòíûì íîñèòåëåì, åñòü ôóíêöèîíàë âèäà

FBγ
[f ](ξ) = (f(x),Λγ(x, ξ))γ . Âñëåäñòâèå ýòîãî îáðàòíîå FBγ

-

ïðåîáðàçîâàíèå îò ñèíãóëÿðíîé îáîáùåííîé ôóíêöèè Ika ïðåäñòàâëÿ-

åòñÿ â âèäå

F−1
B [Ika ](|x|) = (Ika ,Λγ(x, ξ))γ = C(N,n, γ)×

×
(

d

a da

)N+|γ|
2 −k−1 [

aN+|γ|−2

∫
S+
1 (N)

n∏
i=1

j γi−1

2
(xiξi) e

i⟨x′′,ξ′′⟩ (ξ′)γdS(ξ)

]
.

Ïðèìåíÿÿ òåîðåìó 1.1.4 ïîëó÷èì

F−1
B [Ika ](|x|) = C(N,n, γ)|S+

1 (N)|γ
1

a2k
×
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×
(

d

a da

)N+|γ|
2 −k−1 [

aN+|γ|−2jN+|γ|−2
2

(a|x|)
]
. (2.1.14)

Èçâåñòíî ([3] íà ñ. 57, ôîðìóëà (5))(
d

s ds

)m

[Jµ(s)s
µ] = sµ−mJµ−m(s) .

Ïî ôîðìóëå (1.3.1), èìååì(
d

s ds

)m [
s2µ jµ(s)

]
=

2m Γ(µ+ 1)

Γ(µ+1−m)
s2(µ−m)jµ−m(s) .

Îòñþäà ïîëó÷àåì(
d

a da

)m [
a2µ jµ(ta)

]
=

2m Γ(µ+ 1)

Γ(µ−m+1)
a2(µ−m) jµ−m(ta) . (2.1.15)

Òåïåðü âåðíåìñÿ ê (2.1.14) . Ïðèìåíÿÿ ñîîòíîøåíèå (2.1.15) ñ ïàðàìåò-

ðàìè

m =
N + |γ|

2
− k − 1, µ =

N + |γ|
2

− 1, t = |x|,

ïîëó÷èì

F−1
B [Ika ](|x|) = C(N,n, γ)|S+

1 (N)|γ
2

N+|γ|
2 −1−k Γ

(
N+|γ|

2

)
Γ(k + 1)

jk(|x|a).

Ïðèìåíèâ ñþäà FBγ
-ïðåîáðàçîâàíèå, ïîëó÷èì

FBγ [jk(a|x|)](ξ) =
2k−

N+|γ|
2 +1 Γ(k + 1)Ika

C(N,n, γ) |S+
1 (N)|γ Γ

(
N+|γ|

2

) =

= 2k+
N+|γ|

2 −nΓ(k + 1)π
N−n

2

n∏
i=1

Γ

(
γi + 1

2

)
Ika .

Ñëó÷àé a) äîêàçàí. Ñëó÷àé b) äîêàçûâàåòñÿ àíàëîãè÷íî, ïîýòîìó ìû

åãî äîêàçàòåëüñòâî íå ïðèâîäèì.

Äîêàçàòåëüñòâî çàêîí÷åíî.
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2.1.4 Ñìåøàííîå FB -ïðåîáðàçîâàíèå îáîáùåííîé

ðàäèàëüíîé j-ôóíêöèè Áåññåëÿ

äðîáíîãî ïîðÿäêà

Ïðåäïîëîæèì, ÷òî γi òàêîâû, ÷òî |γ| � íàòóðàëüíîå ÷èñëî. Îïðåäå-

ëèì öåëûå ÷èñëà k = 1, ...,
[
N+|γ|+1

2

]
è äðîáíûå ÷èñëà δ ∈ [0, 1) è

δ1 ∈ [0, 12 ] òàê, ÷òîáû ëþáîå âåùåñòâåííîå ÷èñëî µ = β−1
2 ìåíÿþùèåñÿ

â ïðåäåëàõ − 1
2 ≤ µ ≤ N+|γ|

2 ( 0 ≤ β ≤ N + |γ| + 1 ) ïðåäñòàâëÿëîñü â

âèäå:

ïðè íå÷åòíîì N + |γ| ≥ 3 , µ = k − 1
2 − δ , − 1

2 ≤ µ ≤ N+|γ|
2 ;

ïðè ÷åòíîì N + |γ| ≥ 2 ,

{
µ = −δ1, êîãäà − 1

2 ≤ µ ≤ 0 ,

µ = k − δ , êîãäà 0 < µ ≤ N+|γ|
2

(2.1.16)

èëè äëÿ β

ïðè íå÷åòíîì N + |γ| ≥ 3 , β = 2k − 2δ , 0 ≤ β ≤ N + |γ|+ 1 ;

ïðè ÷åòíîì N + |γ| ≥ 2 ,

{
β = 1− 2δ1, êîãäà 0 ≤ β ≤ 1 ,

β=2k−2δ + 1 , êîãäà 1<β ≤ N+|γ|+ 1.

Ââåäåì îáîáùåííûå ôóíêöèè âèäà I
k− 1

2−δ
a â ñëó÷àå íå÷åòíîãî

N + |γ| ≥ 3 è Ik−δ
a , I−δ1

a â ñëó÷àå ÷åòíîãî N + |γ| ≥ 2 . Èõ äåéñòâèå

íà îñíîâíûå ôóíêöèè φ ∈ Sev îïðåäåëèì ïî ïðàâèëàì

(Ik−δ
a , φ) =

2

Γ(1− δ)

1∫
0

z2k−1(1− z2)−δ×

×

 1

a2k−2

(
1

a

d

da

)N+|γ|
2 −k

aN+|γ|−2

∫
S+
1 (N)

φ(azξ) (ξ′)γ dS(ξ)


 dz ;

(2.1.17)

(I−δ1
a , φ) =

2

Γ(1− δ1)

1∫
0

z(1− z2)−δ1×
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× (a
d

da
+2−2δ1)

(
1

a

d

da

)N+|γ|−2
2

aN+|γ|−2

∫
S+
1 (N)

φ(azξ) (ξ′)γ dS(ξ)

 dz ;
(2.1.18)

(I
k− 1

2−δ
a , φ) =

2

Γ(1− δ)

1∫
0

z2k−2(1− z2)−δ ×

×

 1

a2k−3

(
1

a

d

da

)N+|γ|+1
2 −k

aN+|γ|−2

∫
S+
1 (N)

φ(azξ) (ξ′)γ dS(ξ)


 dz .

(2.1.19)

Â îòëè÷èå îò îáîáùåííûõ ôóíêöèé (2.1.10) è (2.1.11), íîñèòåëè êîòî-

ðûõ ðàñïîëîæåíû íà ñôåðå |x|=a , ýòè îáîáùåííûå ôóíêöèè èìåþò

íîñèòåëè â øàðå |x| < a .

Ðàñïðåäåëåíèÿ (2.1.10), (2.1.11) è (2.1.17), (2.1.18), (2.1.19) â

íåñêîëüêî óïðîùåííîì âèäå èñïîëüçîâàëèñü â ðàáîòàõ [19] äëÿ îïðå-

äåëåíèÿ ïðåîáðàçîâàíèÿ Ôóðüå îò îáîáùåííîé j-ôóíêöèé Áåññåëÿ

jµ(a|x|) . Âèä FB -ïðåîáðàçîâàíèÿ îò òîé æå ôóíêöèè ïðè ïðîèçâîëü-

íîì − 1
2 < µ ≤ N+|γ|

2 äàåò ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 2.1.4. Ïóñòü |γ| = γ1 + . . . + γn � íàòóðàëüíîå ÷èñëî è k

� íàòóðàëüíîå ÷èñëî, óäîâëåòâîðÿþùåå óñëîâèþ 1 ≤ k ≤ N+|γ|+1
2 è

ïóñòü ïðàâèëüíûå äðîáè δ è δ1 (δ ∈ [0, 1), δ1 ∈ [0, 12 ]) îïðåäåëåíû òàê,

÷òîáû äëÿ ÷èñëà µ , − 1
2 < µ ≤ N+|γ|

2 , èìåëî ìåñòî îäíî èç ïðåäñòàâ-

ëåíèé (2.1.16). FB -Ïðåîáðàçîâàíèå ôóíêöèè jµ(a |x|) , ïîíèìàåìîå â

ñìûñëå ïðîñòðàíñòâà îáîáùåííûõ ôóíêöèé S ′
ev , èìååò âèä

1) ïðè ÷åòíîì N + |γ| ≥ 2 , − 1
2 < k−δ ≤ N+|γ|

2 , k∈N

FB [jk−δ(a|x|)](|ξ|) = Ak−δ(N,n.γ) · Ik−δ
a , (2.1.20)

ãäå

Ak−δ(N,n, γ) = 2k−1+
N+|γ|

2 −nΓ(k + 1− δ)π
N−n

2

n∏
i=1

Γ

(
γi + 1

2

)
,
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µ = −δ1 , FB [jµ(a|x|)](|ξ|) = A−δ1(N,n.γ) · I−δ1
a , (2.1.21)

ãäå

A−δ1(N,n, γ) = 2
N+|γ|

2 −n−1Γ(1− δ1)π
N−n

2

n∏
i=1

Γ

(
γi + 1

2

)
;

2) ïðè íå÷åòíîì N + |γ| ≥ 3

µ = k−1

2
− δ , FB [jµ(a|x|)](ξ) = Ak− 1

2−δ(N,n.γ) · I
k− 1

2−δ
a , (2.1.22)

ãäå

Ak− 1
2−δ(N,n, γ) = 2k−

3
2+

N+|γ|
2 −nΓ

(
k +

1

2
− δ

)
π

N−n
2

n∏
i=1

Γ

(
γi + 1

2

)
.

Äîêàçàòåëüñòâî . Äîêàæåì ñëó÷àé 1). Èç ôîðìóëû (ñì. [5],

c.702, ôîðìóëà 6.567.1)∫ 1

0

xµ+1 (1− x2)m Jµ(bx) dx =
2m Γ(m+ 1)

bm+1
Jµ+m+1(b) , m, µ > −1

îòñþäà è èç ñâÿçè ôóíêöèè Áåññåëÿ ïåðâîãî ðîäà Jµ ñ j-ôóíêöèåé

Áåññåëÿ

jµ(x) = 2µ Γ(µ+ 1)
Jµ(x)

xµ
.

âûòåêàåò ôîðìóëà∫ 1

0

x2µ+1 (1−x2)m jµ(bx) dx =
Γ(m+ 1)Γ(µ+ 1)

2 Γ(m+ µ+ 2)
jm+µ+1(b), m, µ>−1 .

Ïîëîãàÿ m = −δ , µ+ 1 = k , b = a|x| , ïîëó÷àåì

j k−δ(a|x|) =
2Γ(k + 1− δ)

Γ(1− δ)Γ(k)

1∫
0

jk−1(az|x|) z2k−1(1− z2)−δdz. (2.1.23)

Âîñïîëüçóåìñÿ ýòîé ôîðìóëîé. Íàì èçâåñòíî, ÷òî FB -

ïðåîáðàçîâàíèå îò j -ôóíêöèè Áåññåëÿ åñòü ôèíèòíûé ôóíêöèîíàë
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(ñì. ðàâåíñòâî (2.1.12)), ïîýòîìó

1∫
0

z2k−1(1− z2)−δ

∣∣∣∣FB [jµ(az|x|)](ξ)
∣∣∣∣ dz <∞

Ýòî îçíà÷àåò, ÷òî FB -ïðåîáðàçîâàíèå ðàâåíñòâà (2.1.23) ñóùåñòâóåò

â ñìûñëå S ′
ev è â ïðàâîé ÷àñòè ìîæíî âîñïîëüçîâàòüñÿ òåîðåìîé

Ôóáèíè-Òîíåëè î ïåðåñòàíîâêè ïðåäåëîâ èíòåãðèðîâàíèÿ. Â ðåçóëüòàòå

FB [jk−δ(a|x|)](|ξ|)=
2Γ(k+1−δ)
Γ(1−δ)Γ(k)

1∫
0

z2k−1(1−z2)−δFB [jk−1(az|x|)](|ξ|)dz .

Ñîãëàñíî (2.1.12), èìååì

FB [jk−1(a|x|)](ξ) = 2k−1+
N+|γ|

2 −nΓ(k)π
N−n

2

n∏
i=1

Γ

(
γi + 1

2

)
· Ik−1

a ,

ãäå Ik−1
a ñèíãóëÿðíàÿ îáîáùåííàÿ ôóíêöèÿ (2.1.2) èç ïðîñòðàíñòâà

S ′
ev , íîñèòåëü êîòîðîé ñîñðåäîòî÷åí íà ïîâåðõíîñòè n -ïîëóñôåðû

S+
1 (N) â R+

N . Òàêèì îáðàçîì

(FB [jk−δ(a|x|)] , φ)γ =
2Γ(k + 1− δ)

Γ(1− δ)Γ(k)
2k−1+

N+|γ|
2 −nΓ(k)π

N−n
2 ×

×
n∏

i=1

Γ

(
γi + 1

2

) 1∫
0

z2k−1(1− z2)−δ (Ik−1
az , φ)γ dz .

Çäåñü k − 1 � öåëîå ÷èñëî, ïîýòîìó ôóíêöèîíàë Ik−1
az îïðåäåëåí ïî

ôîðìóëå (2.1.10): (
Ik−1
az , φ

)
γ
=

=
1

(az)2k−2

(
1

(az)

d

d(az)

)N+|γ|
2 −k

(az)N+|γ|−2

∫
S+
1 (N)

φ(azξ)dS(ξ)


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=
z2−N−|γ|

(a)2k−2

(
1

(a)

d

d(a)

)N+|γ|
2 −k

(az)N+|γ|−2

∫
S+
1 (N)

φ(azξ)dS(ξ)

 .
Ñëåäîâàòåëüíî

(FB [jk−δ(a|x|)] , φ)γ =
2Γ(k + 1− δ)

Γ(1− δ)Γ(k)
2k−1+

N+|γ|
2 −nΓ(k)π

N−n
2 ×

×
n∏

i=1

Γ

(
γi + 1

2

) 1∫
0

z2k−1(1− z2)−δ ×

×

 1

a2k−2

(
1

a

d

da

)N+|γ|
2 −k

aN+|γ|−2

∫
S+
1 (N)

φ(azξ)dS(ξ)

 , φ


γ

dz .

Ïî îïðåäåëåíèþ ôóíêöèîíàëà Ik−δ
a (2.1.17), ïîëó÷èì

FB [jk−δ(a|x|)] = 2k−1+
N+|γ|

2 −nΓ(k + 1− δ)π
N−n

2

n∏
i=1

Γ

(
γi+1

2

)
Ik−δ
a .

Ôîðìóëà (2.1.20) äîêàçàíà. Àíàëîãè÷íî äîêàçûâàåòñÿ ôîðìóëà (2.1.21).

Äëÿ äîêàçàòåëüñòâà (2.1.22) âîñïîëüçóåìñÿ ðåêóððåíòíûì ñîîò-

íîøåíèåì ([3], ñòð.56)

s
d

ds
Jµ(s) + µJµ(s) = sJµ−1(s),

èç êîòîðîãî ñëåäóåò, ÷òî(
a
d

da
+ 2µ

)
jµ(a|x|) = 2µ jµ−1(a|x|), (2.1.24)

â ÷àñòíîñòè ïðè δ1 ∈ [0, 12 ] è µ = 1− δ1

j−δ1(a|x|) = 2(1− δ1)

(
a
d

da
+ 2− 2δ1

)
j1−δ1(a|x|).

70



Ïðèìåíèì FB -ïðåîáðàçîâàíèå ïî ïåðåìåííûì x ê ýòîìó ðàâåí-

ñòâó (ñ ó÷åòîì òîãî, ÷òî îïåðàòîð
(
a d
da + 2− 2δ1

)
äåéñòâóåò ïî ïàðà-

ìåòðó a , íåçàâèñèìîìó îò x ). Çíàÿ ïðåîáðàçîâàíèå FB [j1−δ1(a|x|)](|ξ|)
� ýòî ôîðìóëà (2.1.20) ïðè k = 1 , δ = δ1 ïîëó÷èì

FB [j1−δ1(a|x|)](|ξ|) =
Γ(1− δ1)

2Γ(2− δ1)
2

N+|γ|
2 −nΓ(2− δ1)π

N−n
2

n∏
i=1

Γ

(
γi + 1

2

)
×

×
(
a
d

da
+ 2− 2δ1

)
I1−δ1
a .

Î÷åâèäíî, ÷òî (
a
d

da
+ 2− 2δ1

)
I1−δ1
a = I−δ1

a .

Èç ôîðìóë (2.1.20) è (2.1.21) ïðè k = 1 , δ = δ1 ñëåäóåò

FB [j−δ1(a|x|)](|ξ|) = 2
N+|γ|

2 −n−1Γ(1− δ1)π
N−n

2

n∏
i=1

Γ

(
γi + 1

2

)
· I−δ1

a .

Äîêàçàòåëüñòâî çàêîí÷åíî.

Îòìåòèì, ÷òî FBγ
-ïðåîáðàçîâàíèå ôóíêöèé FB [jµ(a|x|)](|ξ|) ,

FB [jµ−1(a|x|)](|ξ|) òàêæå, êàê è ñàìè ôóíêöèè jµ è jµ−1 äîëæíû óäî-

âëåòâîðÿòü ñîîòíîøåíèþ (2.1.24). Ìîæíî äîêàçàòü, ÷òî âñå ïîëó÷åííûå

íàìè ïðåäñòàâëåíèÿ FB [jµ(a|x|)](|ξ|) � ôîðìóëû òåîðåì 2.1.1, 2.1.2 è

2.1.3 � óäîâëåòâîðÿþò ýòîìó òðåáîâàíèþ. Ââåäåíèå îáîáùåííûõ ôóíê-

öèé Ik−δ
a , I−δ1

a , I
k− 1

2−δ
a íå ïðîòèâîðå÷èò ðàíåå ââåä¼ííûì ôóíêöèÿì

Ika , I
k− 1

2
a . Ýòî âûòåêàåò èç ñëåäóþùåãî óòâåðæäåíèÿ.

Òåîðåìà 2.1.5. Äëÿ ðàñïðåäåëåíèÿ Êèïðèÿíîâà Ik−δ
a èìåþò ìåñòî

ñëåäóþùèå ñîîòíîøåíèÿ:

1) lim
δ→0

Ik−δ
a = Ik−δ

a |δ=0 = Ika ,

2) lim
δ→1

Ik−δ
a = Ik−1

a ,

3) Ïðè k = N+|γ|
2 , δ ∈ [0, 12 ] òåîðåìà 2.1.4 è ñëåäñòâèå 2.1.1 ê

òåîðåìå 2.1.1 ñîâïàäàþò.
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Ä î ê à ç à ò å ë ü ñ ò â î . Äîêàæåì ïåðâîå ñîîòíîøåíèå.

Ïðèìåíèì FB -ïðåîáðàçîâàíèå ê ëåâîé è ïðàâîé ÷àñòÿì (2.1.24).

Ïîëó÷èì ñëåäóþùåå ðàâåíñòâî(
a
d

da
+ 2µ

)
Iµa = Iµ−1

a .

Ïî îïðåäåëåíèþ

(
Ik−1
az , φ

)
γ
=

1

a2k−2

(
1

a

d

da

)N+|γ|
2 −k

aN+|γ|−2

∫
S+
1 (N)

φ(azξ) (ξ′)γ dS(ξ)

 ,

(Ik−δ
a , φ) =

2

Γ(1− δ)

1∫
0

z2k−1(1− z2)−δ (Ik−1
az , φ)γdz,

Ïðè δ = 0

(Ik−δ
a , φ)γ |δ=0 =

=
2

Γ(1− δ)

1∫
0

z2k−1(1− z2)−δ
(
Ik−1
az , φ

)
γ
dz

∣∣∣∣
δ=0

=

=
2

Γ(1)

1∫
0

z2k−1
(
Ik−1
az , φ

)
γ
dz =

=
2

Γ(1)

1∫
0

z2k−1

(
a
d

da
(Ikaz, φ)γ + 2k(Ikaz, φ)γ

)
dz = 2(Y1 + Y2) .

Â âûðàæåíèè

Y1 =

1∫
0

z2k−1a
d

da
(Ikaz, φ)γdz

ñäåëàåì çàìåíó t = az . Èìååì

Y1 =

a∫
0

t2k

a2k
d

dt
(Ikt , φ)γdt =

t2k

a2k
(Ikt , φ)γ

∣∣∣∣t=a

t=0

− 2k

a2k

a∫
0

t2k−1(Ikt , φ)γdt =
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= (Ikt , φ)γ − 2k

a2k

a∫
0

t2k−1(Ikt , φ)γdt

Àíàëîãè÷íî, ïîëàãàÿ t = az , ïîëó÷èì

Y2 = 2k

1∫
0

z2k−1(Ikaz, φ)γdz =
2k

a2k−1+1

a∫
0

t2k−1(Ikt , φ)γdt.

Â ðåçóëüòàòå

(Ik−δ
a , φ)γ |δ=0 = 2(Y1 + Y2) = (Ikt , φ)γ .

Òåì ñàìûì ðàâåíñòâî 1) äîêàçàíî.

Äîêàæåì ñïðàâåäëèâîñòü 2).

Â ñèëó ðàâíîìåðíîé ñõîäèìîñòè ðàññìàòðèâàåìûõ èíòåãðàëîâ ñ

ó÷åòîì òîãî, ÷òî, αΓ(α) = Γ(α + 1), Γ(1) = 1 , ñîîòíîøåíèå 2) ïðåä-

ñòàâëÿåòñÿ â âèäå

(lim
δ→1

Ik−δ
a , φ) = lim

δ→1

2

Γ(1− δ)

1∫
0

zN+|γ|+2k−3(1− z2)−δ(Ik−1
az , φ)dz =

= − lim
δ→1

1

(1− δ)Γ(1− δ)

1∫
0

zN+|γ|+2k−4(Ik−1
az , φ)d(1− z2)1−δ =

= − lim
δ→1

1

Γ(2− δ)
zN+|γ|+2k−4(1− z2)1−δ(Ik−1

az , φ)|z=1
z=0+

+ lim
δ→1

1

Γ(2− δ)

1∫
0

(1− z2)1−δ ∂

∂z
[zN+|γ|+2k−4(Ik−1

az , φ)]dz =

= zN+|γ|+2k−4(Ik−1
az , φ)|z=1

z=0 = (Ik−1
a , φ).

Äîêàæåì ñïðàâåäëèâîñòü òðåòüåãî ñîîòíîøåíèÿ 3). Ñîãëàñíî òåî-

ðåìå 2.1.4

(FB [jN+|γ|
2 −δ

(a|x|)](|ξ||), φ(ξ)) =
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= A′(N,n, δ, γ)

1∫
0

zN+|γ|−1(1− z2)−δ

∫
S+
1 (N)

φ(azξ) (ξ′)γ dS(ξ)dz =

= A′(N,n, δ, γ)
1

aN+|γ|

a∫
0

(1− z2)−δ

∫
|ξ|=az

φ(ξ) (ξ′)γ dξd(az) =

= A′(N,n, δ, γ)
1

aN+|γ|−2δ

1∫
0

(a2 − a2z2)−δ

∫
|ξ|=az

φ(ξ) (ξ′)γ dξd(az) =

= A′(N,n, δ, γ)
1

aN+|γ|−2δ

∫
|ξ|≤a

(a2 − |ξ|2)−δφ(ξ) (ξ′)γ dξ,

ãäå

A′(N,n, δ, γ) =
2N+|γ|−nΓ

(
N+|γ|

2 + 1− δ
)
π

N−n
2

∏n
i=1 Γ

(
γi+1
2

)
Γ(1− δ)

,

A′(N,n, δ, γ) = A−1(N,n, µ, γ) . Ïðè δ = N+|γ|
2 − µ , è ïîñëåäíåå âûðà-

æåíèå ñîâïàäàåò ñ ðåçóëüòàòîì ñëåäñòâèÿ òåîðåìû 2.1.1.

Äîêàçàòåëüñòâî çàêîí÷åíî.

2.2 Çàäà÷à Êîøè äëÿ ñèíãóëÿðíîãî

óðàâíåíèÿ òèïà óðàâíåíèÿ

Èáðàãèìîâà�Ìàìîíòîâà

2.2.1 Ïîñòàíîâêà çàäà÷è

Â ðàáîòå [16] äëÿ èññëåäîâàíèÿ ñïðàâåäëèâîñòè ïðèíöèïà Ãþéãåíñà â

åâêëèäîâûõ ïðîñòðàíñòâàõ ðàçíîé ðàçìåðíîñòè ââåäåíî óðàâíåíèå

utt = uxx +

n−1∑
i,j=1

ai,j(x− t) uyiyj . (2.2.1)
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Ðåçóëüòàòû [16] ïîçâîëèëè ïðèíöèïèàëüíî óòî÷íèòü ðåçóëüòàòû Ì. Ìà-

òèññîíîì [62] è Ê.Ë. Øòåëüìàõåðà [63], ãäå ïðèâîäèëèñü ïðèìåðû (íå

âîëíîâûõ) óðàâíåíèé â äåêàðòîâûõ ïðîñòðàíñòâàõ ðàçìåðíîñòåé ðàç-

íîé ÷åòíîñòè, óäîâëåòâîðÿþùèõ ïðèíöèïó Ãþéãåíñà. Ðàíåå Æ. Àäàìàð

äîêàçàë, ÷òî äëÿ ðåãóëÿðíîãî âîëíîâîãî óðàâíåíèÿ â ÷åòíîìåðíîì ïðî-

ñòðàíñòâå âñåãäà èìååò ìåñòî äèôôóçèÿ âîëí (ò.å. îòñóòñòâóåò ïðèíöèï

Ãþéãåíñà). Ïðèâåäåì öèòàòó èç [16] � ¾. . . óðàâíåíèÿ ñ òðåìÿ ïðîñòðàí-

ñòâåííûìè ïåðåìåííûìè, íå ýêâèâàëåíòíûå âîëíîâîìó óðàâíåíèþ, äëÿ

êîòîðûõ îòñóòñòâóåò äèôôóçèÿ âîëí, äîëæíû áûòü óðàâíåíèÿìè ñ ïå-

ðåìåííûìè êîýôôèöèåíòàìè ïðè âòîðûõ ïðîèçâîäíûõ¿.

Îäíàêî äëÿ ñèíãóëÿðíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ýòî íå

òàê. Íàïðèìåð, ðåøåíèå çàäà÷è Êîøè äëÿ óðàâíåíèÿ

utt = uxx + (Bγ)yu , (x, y) ∈ R2, (Bγ)y =
∂2

∂y2
+
γ

y

∂

∂y

ïðè γ íå÷åòíîì óäîâëåòâîðÿåò ïðèíöèïó Ãþéãåíñà, à ïðè γ ÷åòíîì

� íåò (íåñìîòðÿ íà ÷åòíîå ÷èñëî ïåðåìåííûõ â îáîèõ ñëó÷àÿõ). Åäèí-

ñòâåííîå îòëè÷èå îò óðàâíåíèé ïðèâåäåííûõ â ðàáîòàõ Ì. Ìàòèññîíà è

Ê.Ë. Øòåëüìàõåðà ñîñòîèò â òîì, ÷òî ðàññìîòðåííîå âûøå óðàâíåíèå

èìååò îñîáåííîñòü ïðè ìëàäøåé ïðîèçâîäíîé.

Â ñâÿçè ñ ýòèì èíòåðåñ âûçûâàþò óðàâíåíèÿ òèïà âîëíîâûõ, â

êîòîðûõ ðîëü âòîðîé ïðîèçâîäíîé èãðàåò ñèíãóëÿðíûé äèôôåðåíöè-

àëüíûé îïåðàòîð Áåññåëÿ Bγ . Âïåðâûå óðàâíåíèå ñ îïåðàòîðîì Áåññå-

ëÿ ïî îäíîé èç ïðîñòðàíñòâåííûõ ïåðåìåííûõ ðàññìîòðåíî â [18], ãäå

ïðèâåäåíû ðåøåíèÿ óðàâíåíèÿ

utt = uxx +
n−1∑
i,j=1

ai,j(x− t) uyiyj
+ (Bγ)yn

u, (Bγ)yn
=

∂2

∂y2n
+

γ

yn

∂

∂yn

(2.2.2)

äëÿ ïðîèçâîëüíîãî γ > 0 è òåîðåìà î ïðèíöèïå Ãþéãåíñà.

Ðàññìîòðèì äèôôåðåíöèàëüíîå óðàâíåíèå âòîðîãî ïîðÿäêà áîëåå

îáùåãî âèäà, ïî ñðàâíåíèþ ñ èçó÷àåìûìè â ðàáîòàõ [16], [18] è [63], à
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èìåííî, ïîëàãàÿ u = u(x, y, t), x∈R1, y∈R+
N−1 , òðåáóåì, ÷òîáû

utt−uxx−
N−1∑
i,j=1

ai,j(x−t) (DB)iju = 0, (DB)ij =

{
∂

∂yi

∂
∂yj

, i ̸= j,
∂2

∂y2
i
+γi

yi

∂
∂yi

, i = j,

(2.2.3)

ãäå γi ≥ 0 , N ≥ 2 � ÷èñëî ïðîñòðàíñòâåííûõ ïåðåìåííûõ (x, y) ,

y = (y1, y2, ... , yN−1) . Êàê âèäèì, åñëè âñå γi = 0 , òî ýòî óðàâíåíèå

(2.2.1); åñëè òîëüêî γN−1 ̸= 0 , òî ïîëó÷èì (2.2.2) (íî áîëåå îáùåå, ò.ê.

â íåãî âõîäèò íå òîëüêî îïåðàòîð Áåññåëÿ, íî è ïåðâûå ïðîèçâîäíûå ïî

yN−1 ).

Êàê â ðàáîòàõ [16] è [18], êîýôôèöèåíòû óðàâíåíèÿ (2.2.3) ñ÷èòà-

åì ñèììåòðè÷íûìè aij = aji è áåñêîíå÷íî äèôôåðåíöèðóåìûìè ôóíê-

öèÿìè îò îäíîé ïåðåìåííîé x − t . Òàêæå ñ÷èòàåì, ÷òî êâàäðàòè÷íàÿ

ôîðìà
N−1∑
1
aijξiξj ïîëîæèòåëüíî îïðåäåëåíà, ïîýòîìó óðàâíåíèå (2.2.3)

ÿâëÿåòñÿ Â-ãèïåðáîëè÷åñêèì.

Â îáëàñòè t > 0 äëÿ ðàññìàòðèâàåìîãî óðàâíåíèÿ èùåì ðåøåíèå

çàäà÷è Êîøè

u|t=0 = φ(x, y), ut|t=0 = ψ(x, y). (2.2.4)

Ôóíêöèè φ(x, y) è ψ(x, y) ïðåäïîëàãàåì ôèíèòíûìè è áåñêîíå÷íî

äèôôåðåíöèðóåìûìè.

Ñîãëàñíî ñäåëàííûìè ïðåäïîëîæåíèÿì çàäà÷à Êîøè (2.2.3) èìå-

åò, è ïðèòîì åäèíñòâåííîå, áåñêîíå÷íî äèôôåðåíöèðóåìîå ðåøåíèå, ôè-

íèòíîå ïî ïðîñòðàíñòâåííûì ïåðåìåííûì. Íàéäåì ôîðìóëó ïðåäñòàâ-

ëåíèÿ ýòîãî ðåøåíèÿ è ïðîâåðèì ñïðàâåäëèâîñòü ïðèíöèïà Ãþéãåíñà

äëÿ óðàâíåíèÿ (2.2.3).

Òàêæå êàê â [16] è [18], ðåøåíèå óðàâíåíèÿ (2.2.3) ñ íåíóëåâûìè

íà÷àëüíûìè óñëîâèÿìè (2.2.4) ìîæíî ñâåñòè ([16] ëåììà 1.1) ê ðåøåíèþ

çàäà÷è Êîøè ñëåäóþùåãî âèäà:

u|t=0 = 0, ut|t=0 = f(x, y). (2.2.5)

Ôóíêöèþ f(x, y) ïîëîæèì ÷åòíîé ïî êàæäîé êîîðäèíàòå âåêòîðà y,

ôèíèòíîé è áåñêîíå÷íî äèôôåðåíöèðóåìîé.
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Âìåñòî ïðåîáðàçîâàíèÿ Ôóðüå, ïðèìåíÿåìîãî â [16], è ïðåîáðà-

çîâàíèÿ Ëåâèòàíà FB (ñìåøàííîãî ïðåîáðàçîâàíèÿ Ôóðüå-Áåññåëÿ),

ïðèìåíÿåìîãî â [18], ìû ïîëüçóåìñÿ èíòåãðàëüíûì ïðåîáðàçîâàíèåì

Êèïðèÿíîâà�Êàòðàõîâà FB , êîòîðîå â îäíîìåðíîì ñëó÷àå ââåäåíî

â [27], â ìíîãîìåðíîì ñëó÷àå � â [22]; íåêîòîðûå îñîáåííîñòè FB -

ïðåîáðàçîâàíèÿ, ñâÿçàííûå ñ ïðèìåíåíèåì ê êëàññàì îñíîâíûõ ôóíê-

öèé, èñïîëüçóåìûõ çäåñü, èññëåäîâàíû â [41], [58].

2.2.2 Ðåøåíèå FB -ïðåîáðàçîâàííîé çàäà÷è Êîøè

Èñïîëüçóåì îáîçíà÷åíèå û = FB [u]. Ðåøåíèå çàäà÷è (2.2.3), (2.2.5)

èùåì â êëàññå ôóíêöèé u = u(x, y, t) , ÷åòíûõ ïî êàæäîé êîîðäèíà-

òå âåêòîðà y = (y1, . . . , yn−1) . Ê çàäà÷å (2.2.3), (2.2.5) ïðèìåíèì FB -

ïðåîáðàçîâàíèå ïî ïåðåìåííûì y=(y1, . . . , yn−1). Åñëè â (2.2.3) íåêî-

òîðûå èç γi=0, òî ñîãëàñíî òåîðåìå 1.1.1 ïî ýòèì íàïðàâëåíèÿì yi

äåéñòâóåò cos -ïðåîáðàçîâàíèå Ôóðüå. Â ðåçóëüòàòå ïîëó÷èì ñëåäóþ-

ùóþ çàäà÷ó Êîøè

ûtt = ûxx +

n−1∑
i,j=1

ai,j(x− t) λiλj û, û|t=0 = 0, ût|t=0 = f̂(x, λ) (2.2.6)

ñ äâóìÿ íåçàâèñèìûìè ïåðåìåííûìè x , t è ïàðàìåòðàìè λ1, ..., λn−1 ,

ãäå f̂ = FB [f ] , êîòîðàÿ íå îòëè÷àòñÿ îò çàäà÷è Êîøè, ðàññìîòðåííîé

â [16] (ï. 1), ïîëó÷åííîé ïðèìåíåíèåì ïðåîáðàçîâàíèÿ Ôóðüå ê óðàâíå-

íèþ (2.2.1) è íà÷àëüíûì óñëîâèÿì òèïà (2.2.5). Ïîýòîìó â ýòîé ÷àñòè

èññëåäîâàíèé ìû ïðîñòî âîñïîëüçóåìñÿ ðåçóëüòàòàìè [16].

Ñäåëàåì çàìåíó ïåðåìåííûõ

t̄ =
1

2
(x+ t), x̄ = −1

2

n−1∑
i,j=1

Aij(x− t)λiλj ,

ãäå Aij(σ) =
∫
aij(σ) dσ , i, j = 1, . . . , n − 1 . Â ðåçóëüòàòå óðàâíåíèå

(2.2.6) ïðèìåò âèä

ûx̄t̄ + û = 0,
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Ïîëó÷åííîå óðàâíåíèå ýêâèâàëåíòíî òåëåãðàôíîìó óðàâíåíèþ.

Ôóíêöèÿ Ðèìàíà ýòîãî óðàâíåíèÿ èçâåñòíà (ñì. íàïðèìåð [31])

R(τ̄ , ξ̄, t̄, x̄, ) = J0

(√
4(t̄− τ̄)(x̄− ξ̄)

)
,

ãäå τ̄ = 1
2 (ξ+τ) , ξ̄ = − 1

2

n−1∑
i,j=1

Aij(ξ−τ)λiλj . Ôóíêöèÿ Ðèìàíà â ñòàðûõ

ïåðåìåííûõ, äëÿ óðàâíåíèÿ (2.2.6) ïðèìåò âèä

R(τ, ξ; t, x) = j0

√√√√(t− τ + x− ξ)
n−1∑
i,j=1

[Aij(ξ − τ)−Aij(x− t)]λiλj

 .

(2.2.7)

Â îáùóþ ôîðìóëó ðåøåíèÿ çàäà÷è Êîøè (2.2.6)

û(t, x, λ) =
1

2

x+t∫
x−t

R(0, ξ; t, x) f̂(ξ, λ) dξ

ïîäñòàâèì çíà÷åíèå ôóíêöèè Ðèìàíà (2.2.7). Ïîëó÷èì

û(t, x, λ) =
1

2

x+t∫
x−t

j0

(
b
√
Q(λ)

)
f̂(ξ, λ) dλ , (2.2.8)

ãäå b2 = t+ x− ξ, Q(λ) =
∑n−1

i,j=1[Aij(ξ)−Aij(x− t)]λiλj .

Ïåðåïèøåì ýòî ðåøåíèå â ñëåäóþùåì âèäå

û(t, x, y) =
1

2

x+t∫
x−t

j0

(
b
√
Q(λ)

) ∫
Rn−1

f(ξ, η)jγ(η, λ) η
γ dη dξ ,

à jγ(p, q) =
∏n−1

i=1 j γi−1

2
(pi qi).
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2.2.3 Èíòåãðàëüíîå ïðåäñòàâëåíèå ðåøåíèÿ çàäà÷è

(2.2.3), (2.2.5)

Ê ðàâåíñòâó (2.2.8) ïðèìåíèì îáðàòíîå FB -ïðåîáðàçîâàíèå. Ó÷èòûâàÿ

÷åòíîñòü ôóíêöèé ïî êàæäîé êîîðäèíàòå âåêòîðà λ , ïîëó÷èì

u(t, x, y) =
1

2cγ

x+t∫
x−t

dξ

∫
Rn−1

j0

(
b
√
Q(λ)

) n−1∏
i=1

j γi−1

2
(yiλi)λ

γdλ ×

×
∫

Rn−1

f(ξ, η)

n−1∏
i=1

j γi−1

2
(λiηi) η

γdη,

ãäå cγ =
∏n−1

i=1 2γi−1 Γ2
(
γi+1
2

)
. Èç òåîðåìû ñëîæåíèÿ j-ôóíêöèé Áåññå-

ëÿ (1.3.4) âûòåêàåò

u(t, x, y) =
1

2cγ

x+t∫
x−t

dξ

∫
Rn−1

j0

(
b
√
Q(λ)

)
λγdλ×

×
∫

Rn−1

f(ξ, η)T y
η

(
n−1∏
i=1

j γi−1

2
(λiηi)

)
ηγdη .

Ñàìîñîïðÿæåííîñòü îáîáùåííîãî ñäâèãà T y
η (ñì. [33]) ïðèâåäåò ê ñëå-

äóþùåé ôîðìóëå ðåøåíèÿ çàäà÷è (2.2.3), (2.2.5):

u(t, x, y) =
1

2cγ

x+t∫
x−t

dξ

∫
Rn−1

j0

(
b
√
Q(λ)

)
λγdλ ×

×
∫

Rn−1

T y
η f(ξ, η)

(
n−1∏
i=1

j γi−1

2
(λiηi)

)
ηγdη .

Êâàäðàòè÷íàÿ ôîðìà Q(λ) ïîëîæèòåëüíî îïðåäåëåíà

ïðè ξ>x−t , ò.ê. ôîðìó Q(λ) ìîæíî çàïèñàòü êàê èíòåãðàë

Q(λ) =
ξ∫

x−t

q(σ;λ)dσ îò êâàäðàòè÷íîé ôîðìû q(σ;λ) =
n−1∑
i,j=1

aij(σ)λiλj ,
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ïîëîæèòåëüíî îïðåäåëåííîé ïðè êàæäîì çíà÷åíèè σ (ñì. [16]). Ïî-

ýòîìó ñóùåñòâóåò âåùåñòâåííîå íåâûðîæäåííîå ïðåîáðàçîâàíèå

êîîðäèíàò

λ̄ = Pλ,

ãäå P � ìàòðèöà ïðåîáðàçîâàíèÿ, ïðèâîäÿùåå Q(λ) ê ñóììå êâàäðà-

òîâ.

Äëÿ íîâûõ ïåðåìåííûõ ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ

λ̄ = (λ̄1, . . . , λ̄n−1). Ðåøåíèå çàäà÷è Êîøè (2.2.3), (2.2.5) â íîâûõ

ïåðåìåííûõ λ̄ ïðèìåò âèä:

u(t, x, y) =
1

2cγ

x+t∫
x−t

dξ

∫
Rn−1

j0
(
b |λ̄|

)
(P−1λ̄)γP−1dλ̄×

×
∫

Rn−1

T y
η f(ξ, η)

n−1∏
i=1

j γi−1

2
(λ̄P−1η) ηγdη .

Ñäåëàåì òåïåðü çàìåíó ïåðåìåííûõ ζ = P−1η , òîãäà η = Pζ .

Ïîëó÷èì

u(t, x, y) =
1

2cγ

x+t∫
x−t

dξ

∫
Rn−1

j0
(
b |λ̄|

)
(P−1λ̄)γP−1dλ̄×

×
∫

Rn−1

T y
Pζf(ξ, Pζ)

n−1∏
i=1

j γi−1

2
(λ̄ζ) (Pζ)γP dζ ,

u(t, x, y) =
1

2cγ

x+t∫
x−t

dξ

∫
Rn−1

j0
(
b |λ̄|

)
λ̄γdλ̄×

×
∫

Rn−1

T y
Pζf(ξ, Pζ)

n−1∏
i=1

j γi−1

2
(λ̄ζ) ζγ dζ ,
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Â ðàìêàõ âåñîâûõ îáîáùåííûõ ôóíêöèé èìååì

u(t, x, y) =
1

2cγ

x+t∫
x−t

(
j0(b|λ̄|) , FBζ→λ̄

[T y
Pζf(ξ, Pζ)](λ)

)
γ
dξ ,

îòñþäà, ìåíÿÿ ïîðÿäîê èíòåãðèðîâàíèÿ ïî λ̄ è ζ , ïîëó÷èì

u(t, x, y) =
1

2cγ

x+t∫
x−t

(
FBλ̄→ζ

[j0(b|λ̄|)](ζ) , T y
Pζf(ξ, Pζ)

)
γ
dξ . (2.2.9)

Ôîðìóëû FB -ïðåîáðàçîâàíèÿ ðàäèàëüíîé ôóíêöèè Áåññåëÿ ïðî-

èçâîëüíîãî ïîðÿäêà µ > − 1
2 ïîëó÷åíû â ïóíêòå 2.1. Íàì ïîíàäîáÿòñÿ

äâå ôîðìóëû äëÿ µ = 0 â ñëó÷àå ÷åòíîãî è íå÷åòíîãî ÷èñëà n+ |γ|−1.

Âíà÷àëå îòìåòèì, ÷òî ïðè − 1
2 < µ ≤ n+|γ|−2

2 ïðåîáðàçîâàíèå Ëå-

âèòàíà ôóíêöèè jµ(b |λ̄|) â êëàññè÷åñêîì ñìûñëå íå ñóùåñòâóåò, îäíà-

êî, îíî ìîæåò áûòü âû÷èñëåíî â ðàìêàõ âåñîâûõ îáîáùåííûõ ôóíêöèé.

Ôóíêöèÿ jµ(b |λ̄|) îïðåäåëÿåò ðåãóëÿðíûé ôóíêöèîíàë â ïðîñòðàíñòâå

S ′
ev . Äåéñòâèòåëüíî, ïîñêîëüêó ýòà ôóíêöèÿ íåïðåðûâíà, òî îíà ëî-

êàëüíî èíòåãðèðóåìà (ñ ëþáûì ñòåïåííûì âåñîì), à èç íåðàâåíñòâà

|jµ(b|x|)| ≤ 1 ∀ |x| ∈ [0,∞) ñëåäóåò åå íå áîëåå ÷åì ñòåïåííîé ðîñò.

Ïðåäïîëîæèì, ÷òî |γ| � íàòóðàëüíîå ÷èñëî. Èñïîëüçóåì îáîá-

ùåííûå ôóíêöèè Êèïðèÿíîâà Iαb , íîñèòåëè êîòîðûõ ñîñðåäîòî÷åíû

íà ñôåðå è â øàðå â Rn−1, êîòîðûå îïðåäåëèì ïðè ÷åòíûõ è íå÷åòíûõ

n + |γ| − 1. Ñëó÷àé µ = 0 ñîäåðæèòñÿ â ïóíêòå 2.1 â òåîðåìàõ 2.1.3 è

2.1.4.

a) Ïðè ÷åòíîì n+|γ|−1 (â òåîðåìå 2.1.3 ýòî ñëó÷àé a), n� âñåãî

ïðîñòðàíñòâåííûõ ïåðåìåííûõ â óðàâíåíèè, ò.å. x, y1, ...., yn−1 ), µ = k

öåëîì, 0 ≤ k ≤ n+|γ|−2
2 ( n − 1� ÷èñëî âåñîâûõ ïåðåìåííûõ, n − 1�

÷èñëî ïåðåìåííûõ, ïî êîòîðûì ïðèìåíÿåòñÿ FB -ïðåîáðàçîâàíèå).

Îáîáùåííàÿ ôóíêöèÿ Êèïðèÿíîâà äåéñòâóåò íà îñíîâíóþ ôóíê-

öèþ φ ∈ Sev ïî ïðàâèëó

(
Ikb , φ

)
γ
=

1

b2k

(
d

b db

)n+|γ|−3
2 −k [

bn+|γ|−3

∫
S+
1 (n−1)

φ(bζ) ζγ dS(ζ)

]
.
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Òîãäà ïðåîáðàçîâàíèå Ëåâèòàíà jk(b |λ̄|) çàïèøåòñÿ â âèäå

FB [jk(b|λ̄|)](ζ) = A′
k(n− 1, n− 1, γ) Ikb ,

ãäå

A′
k(n− 1, n− 1, γ) = 2k+

n+|γ|−1
2 −n+1 Γ(k + 1)π

n−1−n+1
2

n−1∏
i=1

Γ

(
γi + 1

2

)
=

2k+
−n+|γ|+1

2 Γ(k + 1)
n−1∏
i=1

Γ

(
γi + 1

2

)
= A′

k(n− 1, γ)

îãðàíè÷åííàÿ êîíñòàíòà, íåçàâèñÿùàÿ îò b è ζ .

Äàëåå ââåäåì îáîçíà÷åíèå Ikb |k=0 = Iev.

(Iev, φ)γ =
(
Ikb |k=0, φ

)
γ
=

=

(
d

b db

)n+|γ|−3
2

[
bn+|γ|−3

∫
S+
1 (n−1)

φ(bζ) ζγ dS(ζ)

]
.

Ñäåëàåì çàìåíó b =
√
s . Ïîëó÷èì ôóíêöèîíàë âèäà

(Iev, φ)γ =
(
Ik√s

∣∣
k=0

, φ
)
γ
=

= 2
n+|γ|−3

2

(
d

ds

)n+|γ|−3
2

[
s

n+|γ|−3
2

∫
S+
1 (n−1)

φ(
√
sζ) ζγ dS(ζ)

]
.

Èç (2.2.9) ïîëó÷àåì ñëåäóþùåå ïðåäñòàâëåíèå ðåøåíèÿ çàäà÷è

(2.2.3), (2.2.5) â ñëó÷àå ÷åòíîãî n+ |γ| − 1 :

u(t, x, y) =

=
A′

0(n− 1, γ)

2cγ

x+t∫
x−t

(
Iev , T

y
Pζf(ξ, Pζ)

)
γ
dξ =

2
n+|γ|−3

2 A′
0(n−1, γ)

2cγ

x+t∫
x−t

dξ×

82



×
(
d

ds

)n+|γ|−3
2

[
s

n+|γ|−3
2

∫
S+
1 (n−1)

T y√
s P ζ

f(ξ,
√
sP ζ) ζγdS(ζ)

]∣∣∣∣
s=x+t−ξ

,

ãäå

A′
0(n− 1, γ) = 2−

n−|γ|−1
2

n−1∏
i=1

Γ

(
γi + 1

2

)
.

Â ðåçóëüòàòå ïðè ÷åòíîì n+ |γ| − 1

u(t, x, y) =
2n−3∏n−1

i=1 Γ
(
γi+1
2

) x+t∫
x−t

dξ×

×
(
d

ds

)n+|γ|−3
2

[
s

n+|γ|−3
2

∫
S+
1 (n−1)

T y√
s P ζ

f(ξ,
√
sP ζ) ζγdS(ζ)

]∣∣∣∣
s=x+t−ξ

.

(2.2.10)

b) Ïðè íå÷åòíîì n+ |γ| − 1 (â òåîðåìå 2.1.4 ýòî ñëó÷àé 2) , n�

âñåãî ïðîñòðàíñòâåííûõ ïåðåìåííûõ â óðàâíåíèè) µ = k− 1
2 − δ , ãäå k

íàòóðàëüíîå, 1 ≤ k ≤ n+|γ|
2 , ( n−1� ÷èñëî âåñîâûõ ïåðåìåííûõ, n−1�

÷èñëî ïåðåìåííûõ, ïî êîòîðûì ïðèìåíÿåòñÿ FB -ïðåîáðàçîâàíèå).

Îáîáùåííàÿ ôóíêöèÿ Êèïðèÿíîâà äåéñòâóåò íà îñíîâíóþ ôóíê-

öèþ φ ∈ Sev ïî ïðàâèëó

(I
k− 1

2−δ

b , φ)γ = 2
Γ(1−δ)

1∫
0

z2k−2(1− z2)−δ×

× 1
b2k−3

(
d

bdb

)n+|γ|
2 −k

bn+|γ|−3
∫

S+
1 (n−1)

φ(bzζ) ζγ dS(ζ)

 dz .
Òîãäà ïðåîáðàçîâàíèå Ëåâèòàíà jk− 1

2−δ(b |λ̄|) çàïèøåòñÿ â âèäå

FB [jk− 1
2−δ(b|λ̄|)](ζ) = A′′

k− 1
2−δ(n− 1, n, γ) I

k− 1
2−δ

b ,

ãäå

A′′
k− 1

2
−δ(n−1, n−1, γ) = 2k+

n+|γ|−4
2

−n+1 π
n−1−n+1

2 Γ(k+
1

2
− δ)

n∏
i=1

Γ

(
γi + 1

2

)
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= 2k−
n−|γ|+2

2 Γ(k +
1

2
− δ)

n−1∏
i=1

Γ

(
γi + 1

2

)
= A′′

k− 1
2
−δ(n− 1, γ)

îãðàíè÷åííàÿ êîíñòàíòà, íåçàâèñÿùàÿ îò b è ζ .

Â ýòèõ ôîðìóëàõ ïîëîæèì I
k− 1

2−δ

b |k=1,δ= 1
2
= Iod . Òîãäà µ = 0 è

FB [j0(b|λ̄|)](ζ) = A′′
0(n− 1, γ) Iod,

à ôóíêöèîíàë Iod äåéñòâóåò íà îñíîâíûå ôóíêöèè φ ∈ Sev ïî ïðàâèëó

(Iod, φ)γ = 2

Γ( 1
2 )

1∫
0

(1− z2)−1/2×

× 1
b−1

(
d

bdb

)n+|γ|−2
2

bn+|γ|−3
∫

S+
1 (n−1)

φ(bzζ) ζγ dS(ζ)

 dz .
Ñäåëàåì çàìåíó b =

√
s . Ïîëó÷èì ôóíêöèîíàë âèäà

(Iod, φ)γ = 2√
π

1∫
0

(1− z2)−1/2×

× 2
n+|γ|−2

2
√
s
(

d
ds

)n+|γ|−2
2

sn+|γ|−3
2

∫
S+
1 (n−1)

φ(
√
szζ) ζγ dS(ζ)

 dz .
Èç (2.2.9) ïîëó÷èì ñëåäóþùåå ïðåäñòàâëåíèå ðåøåíèÿ çàäà÷è

(2.2.3), (2.2.5) â ñëó÷àå íå÷åòíîãî n+ |γ| − 1 :

u(t, x, y) = 2
n+|γ|−2

2
A′′

0(n− 1, γ)√
πcγ

x+t∫
x−t

dξ

1∫
0

(1− z2)−1/2
√
s×

×
(

d

ds

)n+|γ|−2
2

[
s

n+|γ|−3
2

∫
S+
1 (n−1)

T
√
s zPζ

y f(ξ,
√
s zPζ) ζγ dS(ζ)

]∣∣∣∣
s=x+t−ξ

dz,

ãäå

A′′
0(n− 1, γ) = 2−

n−|γ|
2

n−1∏
i=1

Γ

(
γi + 1

2

)
.

Â ðåçóëüòàòå ïðè íå÷åòíîì n+ |γ| − 1

u(t, x, y) =
2n−2

√
π
∏n−1

i=1 Γ
(
γi+1

2

) x+t∫
x−t

dξ

1∫
0

(1− z2)−1/2√s ×
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×
(

d

ds

)n+|γ|−2
2

[
s

n+|γ|−3
2

∫
S+
1 (n−1)

T
√
s zPζ

y f(ξ,
√
s zPζ) ζγ dS(ζ)

]∣∣∣∣
s=x+t−ξ

dz.

(2.2.11)

Êàê âèäèì, â ñëó÷àå ÷åòíîãî n + |γ| − 1 íîñèòåëü îáîáùåííîé

ôóíêöèè FB [j0(b|λ̄|)] ïðèíàäëåæèò ñôåðå |y| = 1 . Â ñëó÷àå íå÷åò-

íîãî n + |γ| − 1 â ïðåäñòàâëåíèè ôóíêöèîíàëà FB [j0(b|λ̄|)] ïîÿâèë-

ñÿ èíòåãðàë ïî ðàäèàëüíîé ïåðåìåííîé z, ñëåäîâàòåëüíî, íîñèòåëü

FB [j0(b|λ̄|)] ïðèíàäëåæèò øàðó |y| < 1 .

Â óðàâíåíèè (2.2.3) ÷èñëî ïðîñòðàíñòâåííûõ ïåðåìåííûõ n . Ïî-

ýòîìó èç (2.2.10) è (2.2.11) ñëåäóåò, ÷òî ïðè íå÷åòíîì n+ |γ| ôóíêöèî-
íàë FB [j0(b|λ̄|)] èìååò íîñèòåëü ðàñïîëîæåííûé íà ïîâåðõíîñòè ñôåðû,
â ñëó÷àå æå êîãäà n+ |γ| � ÷åòíîå, íîñèòåëü FB [j0(b|λ̄|)] ðàñïîëîæåí
â øàðå. Ñëåäîâàòåëüíî, â ïåðâîì ñëó÷àå äëÿ ðåøåíèé çàäà÷è (2.2.3),

(2.2.5) ïðèíöèï Ãþéãåíñà âûïîëíÿåòñÿ, à âî âòîðîì íå âûïîëíÿåòñÿ.

Èíòåðåñíî îòìåòèòü, ÷òî åñëè |γ| = 0 (ò.å. âñå γi = 0 ,

i = 1, ..., n− 1 ), òî ðåçóëüòàò èìååò âèä

u(t, x, y) =

=
1

4π
n−1
2

x+t∫
x−t

dξ

(
d

ds

)n−3
2
[
s

n−3
2

∫
S+
1 (n−1)

f(ξ, y +
√
sP ζ) dS(ζ)

]∣∣∣∣
s=x+t−ξ

ïðè ÷åòíûõ n− 1 ,

u(t, x, y) =
1

2π
n
2

x+t∫
x−t

dξ

1∫
0

(1− z2)−1/2×

×
√
s

(
d

ds

)n−2
2
[
s

n−3
2

∫
S+
1 (n−1)

f(ξ, y +
√
s z Pζ) dS(ζ)

]∣∣∣∣
s=x+t−ξ

dz,=

85



=
1

2π
n
2

x+t∫
x−t

dξ

∫
{|ζ|<1}n−1

(1− ζ2)−1/2×

×
(
d

ds

)n−2
2
[
s

n−2
2 f(ξ, y +

√
sPζ) dζ

]∣∣∣∣
s=x+t−ξ

ïðè íå÷åòíûõ n− 1 , ÷òî ñîâïàäàåò â îáîèõ ñëó÷àÿõ ñ ðåøåíèåì â [16].

2.2.4 Ïðèìåð ñèíãóëÿðíîãî

óðàâíåíèÿ Èáðàãèìîâà�Ìàìîíòîâà

Â êà÷åñòâå ïðèìåðà, ðàññìîòðèì óðàâíåíèå

utt = uxx +
2∑

i,j=1

ai,j(x− t) (DB)iju, (DB)ij =

{
∂

∂yi

∂
∂yj

, i ̸= j,
∂2

∂y2
i
+ γi

yi

∂
∂yi

, i = j,

ïðè a12(x− t) = a21(x− t) = 0 , a22 = 1 , a11(x− t) = a(x− t) , γ1 = 0 ,

γ2 = 2 . À èìåííî óðàâíåíèå

utt = uxx + a(x− t)uy1y1
+ uy1y2

+
2

y2
uy2

(2.2.12)

ñ íà÷àëüíûìè óñëîâèÿìè

u|t=0 = 0, ut|t=0 = f(x, y1, y2). (2.2.13)

Ïîñëå ïðèìåíåíèÿ ïðåîáðàçîâàíèÿ Ëåâèòàíà (Ôóðüå�Áåññåëÿ) ïî ïå-

ðåìåííûì (x2, x3) ïðèõîäèì ê ñëåäóþùåé çàäà÷å

ûtt = ûxx + [a(x− t)λ21 + λ22]û (2.2.14)

û|t=0 = 0, ût|t=0 = f̂(x, λ1, λ2),

Ôóíêöèÿ Ðèìàíà äëÿ (2.2.14) èìååò âèä

R(τ, ξ; t, x) = j0

(√
(t− τ)2 + (x− ξ)2

√
A(ξ − τ)−A(x− t)

t− τ − x+ ξ
λ21 + λ22,

)
,
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ãäå A(ξ − τ)−A(x− t) =
∫ ξ−τ

x−t
a(σ) dσ

Âûðàæàÿ ÷åðåç ôóíêöèþ Ðèìàíà ðåøåíèå û(t, x, λ1, λ2) è ïðè-

ìåíÿÿ îáðàòíîå ïðåîáðàçîâàíèå Ëåâèòàíà (Ôóðüå�Áåññåëÿ) â ðàìêàõ

âåñîâûõ îáîáùåííûõ ôóíêöèé (ò.ê. γ1=0, òî ïî y1 äåéñòâóåò cos -

ïðåîáðàçîâàíèå Ôóðüå) ïîëó÷àåì

u(t, x, y1, y2) =
1

2c

x+t∫
x−t

(
F−1
By→η[R(0, ξ; t, x)](η1, η2), T

y
η f(ξ, η1, η2)

)
2
dξ,

ãäå c = 2−
1
2π

3
2 êîíñòàíòà.

Ñäåëàåì çàìåíó ïåðåìåííûõ. Âìåñòî (λ1, λ2) ââåäåì (λ̄1, λ̄2)

ñëåäóþùèì îáðàçîì

λ1 =

√
A(ξ)−A(x− t)

t− x+ ξ
λ̄1, λ2 = λ̄2,

à âìåñòî (η1, η2) ââåäåì ïåðåìåííûå z1, z2 ïî ôîðìóëàì

z1 =

√
t− x+ ξ

A(ξ)−A(x− t)
(η1 − y1), z2 = η2.

Â íîâûõ ïåðåìåííûõ ôóíêöèÿ Ðèìàíà R(0, ξ; t, x) áóäåò èìåòü

âèä

R(0, ξ; t, x) = j0

(√
t2 − (x− ξ)2

√
λ̄21 + λ̄22

)
,

à ðåøåíèå u(t, x, y) ïðèîáðåòàåò ñëåäóþùóþ ôîðìó:

u(t, x, y1, y2) =
1

2c

x+t∫
x−t

(
F−1
By→z[j0

(√
t2 − (x− ξ)2

√
λ̄21 + λ̄22

)
(z),

, T y2
z2 f(ξ, y1 +

√
A(ξ)−A(x− t)

t− x+ ξ
z1, z2)

)
2

dξ.

Ñ ïîìîùüþ ïðåîáðàçîâàíèÿ FB [j0] ðåøåíèå çàäà÷è Êîøè

(2.2.12)�(2.2.13) ìîæåò áûòü çàïèñàíî â âèäå

u(t, x, y1, y2) =
1

4π

x+t∫
x−t

{(
1

y2

∂

∂y2

) 2π∫
0

f(ξ, y1 +B cos θ, y2 + C sin θ)×
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×(y2 + C sin θ)2 dθ −
2π∫
0

(
1 + (y2C sin θ)

∂

∂y2

)
f(ξ, y1 +B cos θ, y2+

+C sin θ) dθ − C

(
1

y2

∂

∂y2

) 2π∫
0

sin θ (y2 + C sin θ)×

×f(ξ, y1 +B cos θ, y2 + C sin θ) dθ

}
dξ ,

ãäå

B =
√

(t+ x− ξ)(A(ξ)−A(x− t)),

C =
√
t2 − (x− ξ)2.

Ïðîèçâåäÿ äèôôåðåíöèðîâàíèå ïî x3 , ïðèõîäèì ê ïðåäñòàâëåíèþ ðå-

øåíèÿ

u(t, x, y1, y2) =
1

4π

1

y2

x+t∫
x−t

2π∫
0

(y2+C sin θ) f(ξ, y1+B cos θ, y2+C sin θ) dθ dξ.

(2.2.15)

Ïîñòðîèì õàðàêòåðèñòè÷åñêèé êîíîèä äëÿ óðàâíåíèÿ (2.2.12).

Îñîáåííîñòü ñòîèò ïðè ïåðâîé ïðîèçâîäíîé è íà âèä êîíîèäà íå âëèÿåò.

Ïîýòîìó õàðàêòåðèñòè÷åñêèé êîíîèä äëÿ óðàâíåíèÿ (2.2.12) èìååò òîò

æå âèä, ÷òî è äëÿ óðàâíåíèÿ

utt = uxx + a(x− t)uy1y1
+ uy1y2

.

Äàííîå óðàâíåíèå âõîäèò â êëàññ çàäà÷, èññëåäîâàííûõ Í.Õ. Èáðàãè-

ìîâûì è Å.Â. Ìàìîíòîâûì [16]. Ïðèìåíÿÿ ðåçóëüòàòû ýòîé ðàáîòû ê

íàøåìó ñëó÷àþ, ïîëó÷èì, ÷òî õàðàêòåðèñòè÷åñêèé êîíîèä äëÿ óðàâíå-

íèÿ (2.2.12) ñ âåðøèíîé â òî÷êå (t0, x0, y01 , y
0
2) áóäåò èìåòü âèä

(t−t0)2 = (x−x0)2+ (x− t)− (x0 − t0)

A(x− t)−A(x0 − t0)
(y1−y01)2+(y2−y02)2. (2.2.16)

Ôîðìóëà (2.2.15) ïîêàçûâàåò, ÷òî ðåøåíèå u(t, x, y1, y2) çàäà-

÷è Êîøè (2.2.12)�(2.2.13) çàâèñèò îò çíà÷åíèé íà÷àëüíîé ôóíêöèè
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f(x, y1, y2) íà ïåðåñå÷åíèè ïëîñêîñòè t = 0 è êîíîèäà (2.2.16). Ýòî

îçíà÷àåò, ÷òî ðåøåíèå (2.2.15) çàäà÷è Êîøè (2.2.12)�(2.2.13) óäîâëå-

òâîðÿåò ïðèíöèïó Ãþéãåíñà.

2.3 Çàäà÷à Êîøè äëÿ

Â-ãèïåðáîëè÷åñêîãî óðàâíåíèÿ ñ

îñîáåííîñòÿìè ïî ìíîãèì ïåðåìåííûì

Ôóíäàìåíòàëüíîå ðåøåíèå Â-ãèïåðáîëè÷åñêîãî îïåðàòîðà

�γi
=

∂2

∂t2
−∆B , ∆B =

n∑
i=1

Bγi
, γi ≥ 0

ïîñòðîåíî â ðàáîòå [26]. Â ýòîé æå ðàáîòå èññëåäîâàí âîïðîñ î âûïîë-

íåíèè ïðèíöèïà Ãþéãåíñà ðåøåíèÿ çàäà÷è Êîøè

�γ u = 0, u|t=0 = φ(x), ut|t=0 = ψ(x) .

Ïîëó÷åí ñëåäóþùèé ðåçóëüòàò

Òåîðåìà (Êèïðèÿíîâ, Çàñîðèí) Åñëè íîñèòåëè ôóíêöèé φ è ψ

ñîñðåäîòî÷åíû â øàðå |x| < R , òî â êàæäûé ìîìåíò âðåìåíè t > 2R

íîñèòåëü ðåøåíèÿ çàäà÷è Êîøè ñîñðåäîòî÷åí

1) â øàðå ðàäèóñà t+R ïðè {N + |γ|} ̸= 2k + 1 ;

2) â ñôåðè÷åñêîì ñëîå ìåæäó ñôåðàìè S+
t−R(N) è S+

t+R(N) ïðè

N + |γ| = 2k + 1 .

×èñëî k â îáîèõ ñëó÷àÿõ íàòóðàëüíîå.

Êàê âèäèì, ïðèíöèï Ãþéãåíñà âûïîëíÿåòñÿ ëèøü âî âòîðîì ñëó-

÷àå, ïðèñóòñòâóåò ïåðåäíèé è çàäíèé ôðîíòû âîëíû.

Â ðàáîòå [18] ðàññìàòðèâàëñÿ Â-ãèïåðáîëè÷åñêèé îïåðàòîð �γ ,

êîãäà âñå γi > 0 è ïîñòðîåíû ôóíêöèîíàëû Êèïðèÿíîâà Iα äëÿ ýòîãî

ñëó÷àÿ.
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Â ðàáîòàõ [28] è [29], íàïðîòèâ, èçó÷àëñÿ ñëó÷àé äåéñòâèÿ ñèíãó-

ëÿðíîãî îïåðàòîðà Áåññåëÿ ïî âðåìåíè (ò.å. ïî òîé ïåðåìåííîé, ïî êî-

òîðîé ñòàâÿòñÿ íà÷àëüíûå óñëîâèÿ). Ðàçóìååòñÿ, ïî îòíîøåíèþ ê ïðèí-

öèïó Ãþéãåíñà ïîëó÷åí ñîîòâåòñòâóþùèé îáîáùàþùèé [16] ðåçóëüòàò.

Îòìåòèì òàêæå äâå ðàáîòû [42] è [43]. Ïîëó÷åíû ñîîòíîøåíèÿ

Àéñãåðññîíà�Êèïðèÿíîâà, êîòîðûå ïîçâîëèëè â [43] âûïèñàòü ðåøåíèÿ

çàäà÷è Êîøè äëÿ óðàâíåíèÿ

�β,γi
u=0, ãäå �β,γi

=Bβ,t−∆Bγ,x
, ∆Bγ,x

=
n∑

i=1

Bγi
+

N∑
k=n+1

∂2

∂x2k
, γi > 0

â âèäå äðîáíûõ èíòåãðîäèôôåðåíöèàëüíûõ êîíñòðóêöèé Êèïðèÿíîâà

[24] (íàçâàíà â [43] ¾ïðîèçâîäíîé òèïà Ýðäåéè�Êîáåðà¿, íà ñàìîì äåëå

êîíñòðóêöèÿ Ýðäåéè�Êîáåðà íå ïîäõîäèò ïî îäíîìó èç ïàðàìåòðîâ).

2.3.1 Îáùèé âèä ðåøåíèÿ çàäà÷è Êîøè äëÿ

Â-ãèïåðáîëè÷åñêîãî óðàâíåíèÿ ñ îïåðàòîðîì

Áåññåëÿ ïî âðåìåíè

Â îòëè÷èå îò óêàçàííûõ âûøå çäåñü ðàññìîòðèì áîëåå îáùèé ñëó÷àé,

êîãäà ïî âðåìåíè äåéñòâóåò îïåðàòîð Áåññåëÿ ñ ðàçìåðíîñòüþ β ≥ 0 , à

ïî ïðîñòðàíñòâåííûì ïåðåìåííûì äåéñòâóþò ñèíãóëÿðíûå îïåðàòîðû

Áåññåëÿ ñ ðàçìåðíîñòüþ γi ≥ 0 . Â ñëó÷àå, êîãäà âñå ïàðàìåòðû ðàçìåð-

íîñòåé îïåðàòîðà Áåññåëÿ îäíîâðåìåííî ðàâíû íóëþ ìû îêàçûâàåìñÿ

â ðàìêàõ êëàññè÷åñêîãî âîëíîâîãî óðàâíåíèÿ utt = a2∆u , ðåøåíèÿ êî-

òîðîãî íàõîäÿòñÿ â êëàññå ÷åòíûõ ïî Êèïðèÿíîâó ôóíêöèé. Ïåðåõîä ê

êëàññè÷åñêîìó âîëíîâîìó óðàâíåíèþ îáåñïå÷èâàþò âîçìîæíîñòè ïðå-

äåëüíîãî ïåðåõîäà ïðè β → 0 è γi → 0 îòêðûòûå â ï. 1.1

Èòàê, â ïîëóïðîñòðàíñòâå R+
N+1 = {(t, x) : t > 0, x ∈ RN , N ≥ 1}

ðàññìîòðèì ñëåäóþùóþ çàäà÷ó Êîøè

Bβ,tu = ∆γ,xu, u|t=0 = f(x), ut|t=0 = 0. (2.3.1)
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Ê çàäà÷å (2.3.1) ïî ïðîñòðàíñòâåííûì ïåðåìåííûì ïðèìåíèì

ñìåøàííîå FB -ïðåîáðàçîâàíèå ñ ïîðÿäêàìè j-ôóíêöèé Áåññåëÿ ðàâ-

íûìè νi =
γi−1
2 (i=1, 2, . . . , n) . Â ðåçóëüòàòå ïðèõîäèì ê ñëåäóþùåé

çàäà÷å Êîøè:

Bβ,tû+ |ξ|2û = 0, û|t=0 = f̂(x), ût|t=0 = 0 . (2.3.2)

Îãðàíè÷åííûì ðåøåíèåì îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíå-

íèÿ (2.3.2) ÿâëÿåòñÿ j-ôóíêöèÿ Áåññåëÿ jµ(|ξ|t) ïîðÿäêà µ = β−1
2 . Ëåã-

êî ïðîâåðÿåòñÿ, ÷òî ðåøåíèå, óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì â

çàäà÷å (2.3.1), ïðåäñòàâëÿåòñÿ ôóíêöèåé

û(t, ξ) = j β−1
2
(t|ξ|)f̂(ξ). (2.3.3)

Îòìåòèì, ÷òî ôóíêöèÿ j β−1
2
(t|ξ|) ÷åòíàÿ è ïðè |ξ| → ∞ óáûâàåò êàê

|ξ|−
β
2 . Åå ïðîèçâîäíûå ïî ξ ïîðÿäêîâ q (q = 1, 2, ...) óáûâàþò ïðè

|ξ| → ∞ êàê t2q|ξ|−
β
2 . Âñëåäñòâèå ýòîãî ïðè êàæäîì t > 0 ôóíê-

öèÿ j β−1
2
(t|ξ|) ÿâëÿåòñÿ ìóëüòèïëèêàòîðîì â ïðîñòðàíñòâå Sev(RN ) .

Ïîýòîìó åãî ïðåîáðàçîâàíèå Ëåâèòàíà (ïîíèìàåìîå, êàê ñìåøàííîå

FB -ïðåîáðàçîâàíèå â S′
ev ÿâëÿåòñÿ ñâåðòûâàòåëåì íàä ïðîñòðàíñòâîì

Sev(RN ) (ñì. [35]).

Ðåøåíèå (2.3.3), êàê ôóíêöèÿ ξ=(ξ′, ξ′′)=(ξ1, ..., ξn, ξn+1, ..., ξN ) ,

ïðèíàäëåæèò ïðîñòðàíñòâó Sev(RN ) . Ïîýòîìó ê íåé ïðèìåíèìî îáðàò-

íîå ñìåøàííîå FB -ïðåîáðàçîâàíèå. Â ðåçóëüòàòå

u(t, x) = F−1
Bγ

[
j β−1

2
(t| · |) f̂

]
(x) =

(
F−1
Bγ

[
j β−1

2
(t| · |)

]
∗ f

)
γ
(x) =

= c(N,n, γ)

∫
Rn

∫
RN

j β−1
2
(t|ξ|)

n∏
i=1

j γ−1
2
(ξi yi) e

−i⟨y′′,ξ′′⟩ (ξ′)γdξ T x
y f(y) y

γ dy.

Ò.å.,

u(x, t) = c(N,n, γ)
(
FBγ [j β−1

2
(t|ξ|)], T x

y f
)
γ
. (2.3.4)

Ïî ñëåäñòâèþ 2.1.1 ïðè áîëüøèõ çíà÷åíèÿõ β > N + |γ|

F−1
Bγ

[
j β−1

2
(t| · |)

]
= ψt, β−1

2
(x)
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è ïðåäñòàâëÿåò ñîáîé ôèíèòíóþ ôóíêöèþ ñ íîñèòåëåì â îáëàñòè

|x| < t :

ψt, β−1
2
(|x|) =

{
(t2 − |x|2)

β−1
2 −N+|γ|

2 , x ∈ {|x| < t}+ ,
0, x /∈ {|x| < t}+ .

À ïðè çíà÷åíèÿõ ðàçìåðíîñòè β ≤ N + |γ| âûðàæåíèå

F−1
Bγ

[
j β−1

2
(t| · |)

]
= I

β−1
2

t ïðåäñòàâëÿåò ñîáîé ðàñïðåäåëåíèå Êèïðèÿíî-

âà èç S′
ev , êîòîðîå îïðåäåëÿåòñÿ ïî ôîðìóëàì, ïîëó÷åííûì â òåîðåìàõ

2.1.3 è 2.1.4,

Â îáîèõ èç ýòèõ ñëó÷àåâ ìîæåì âûïèñàòü ÿâíûé âèä ðåøåíèÿ

u(t, x) . Ïðè ýòîì îòäåëüíî ðàññìàòðèâàþòñÿ ñëó÷àè ÷åòíîé N + |γ| è
íå÷åòíîé N + |γ| ðàçìåðíîñòè ïðîñòðàíñòâà.

2.3.2 A. Ôîðìóëû ðåøåíèÿ ïðè öåëîì β ≤ N + |γ|

Ñëó÷àé A1: β = 2k + 1 � íå÷åòíîå ÷èñëî è 1 ≤ β ≤ N + |γ|
( 0 ≤ k ≤ N+|γ|−1

2 ), N + |γ| ≥ 2 � ÷åòíîå ÷èñëî Ïî òåîðåìå 2.1.3,

óòâåðæäåíèå a), èìååì

FB [jk(t|ξ|)] = Ak(N,n, γ) · Ikt ,

ãäå

Ak(N,n, γ) = 2k+
N+|γ|

2 −nΓ(k + 1)π
N−n

2

n∏
i=1

Γ

(
γi + 1

2

)
;

À ðåøåíèå (2.3.4) çàäà÷è Êîøè (2.3.1) çàïèøåòñÿ â âèäå:

u(t, x) = c(N,n, γ)Ak(N,n, γ)
(
Ikt , T

x
η f
)
γ
=

2k−
N+|γ|

2 +nΓ(k + 1)

π
N−n

2

n∏
i=1

(
Γ
(
γi+1
2

)) ×

× 1

t2k

(
1

t

d

dt

)N+|γ|
2 −k−1 [

tN+|γ|−2

∫
S+
1 (N)

T tξ
x f(x) (ξ

′)γ dS(ξ)

]
.
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Ýòî âûðàæåíèå ìîæíî çàïèñàòü â âèäå èíòåãðàëà ïî ñôåðå y ∈ Sx,t ñ

öåíòðîì â òî÷êå x , ðàäèóñà t :

u(t, x) =
2k−

N+|γ|
2 +nΓ(k + 1)

π
N−n

2

n∏
i=1

(
Γ
(
γi+1
2

)) , ×

× 1

t2k

(
1

t

d

dt

)N+|γ|
2 −k−1 [

t−1

∫
Sx,t(N)

T y
x f(x) (y

′)γ dS(y)

]
. (2.3.5)

Âûâîä 1. Åñëè N + |γ| ÷èñëî ÷åòíîå, à β = 2k+1 � íå÷åòíîå è

β ≤ N + |γ| , òî ðåøåíèå çàäà÷è Êîøè (2.3.1) óäîâëåòâîðÿåò ïðèíöèïó

Ãþéãåíñà.

Ïðèìåð 2.3.1. Ðàññìîòðèì ñëó÷àé, êîãäà ÷èñëî âåñîâûõ ïåðåìåííûõ

n = 0 è ïðè β = 2k + 1 = N − 1 < N (N � ÷åòíîå β � íå÷åòíîå)

ïîëó÷èì óðàâíåíèå Äàðáó. Åãî ðåøåíèå ñîãëàñíî ôîðìóëå (2.3.5) áóäåò

èìåòü âèä

u(t, x) =
2−1Γ(N2 )

π
N
2

1

tN−1

∫
|y|=t

f(x+ y) dS(y) ,

÷òî ñîâïàäàåò ñ èçâåñòíîé ôîðìóëîé ðåøåíèÿ äàííîãî óðàâíåíèÿ (ñì.

íàïð. [44] ñòð. 19).

Ñëó÷àé A2: β = 2k è N + |γ| ≥ 2 � ÷åòíûå ÷èñëà. Ïðè

ýòîì ÷èñëî µ = β−1
2 � äðîáíîå (ïîëóöåëîå). Ýòîò ñëó÷àé èçó÷åí ïðè

óñëîâèè äðîáíîãî µ (ñì.äàëåå ï. 3.4.3, B1).

Ñëó÷àé A3: β = 2k � ÷åòíîå ÷èñëî, N + |γ| ≥ 3 � íå÷åò-

íîå ÷èñëî. Ïðè ýòîì 0 ≤ β ≤ N + |γ| − 1
(
0 ≤ k ≤ N+|γ|−1

2

)
.

Ïîðÿäîê j-ôóíêöèè Áåññåëÿ, âõîäÿùåãî â ðåøåíèå (2.3.4) ðàâåí

µ = β−1
2 = 2k−1

2 = k − 1
2 .

Ïî òåîðåìå 2.1.3 á), èìååì

FB [jk(t|ξ|)] = Ak− 1
2
(N,n, γ) · Ik−

1
2

t ,
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ãäå

Ak− 1
2
(N,n, γ) = 2k−

1
2+

N+|γ|
2 −nΓ

(
k +

1

2

)
π

N−n
2

n∏
i=1

Γ

(
γi + 1

2

)
.

À ðåøåíèå çàäà÷è Êîøè (2.3.1) çàïèøåòñÿ â âèäå:

u(t, x) = c(N,n, γ)Ak− 1
2
(N,n, γ)

(
I
k− 1

2
t , T x

η f

)
γ

=
2k−

N+|γ|+1
2

+nΓ(k + 1
2
)

π
N−n

2

n∏
i=1

(
Γ
(
γi+1

2

)) ×

× 1

t2k−1

(
1

t

d

dt

)N+|γ|−1
2

−k [
tN+|γ|−2

∫
S+
1 (N)

T tξ
x f(x) (ξ′)γ dS(ξ)

]
.

Ýòî âûðàæåíèå òàêæå ìîæíî çàïèñàòü â âèäå èíòåãðàëà ïî ñôåðå

y ∈ Sx,t ñ öåíòðîì â òî÷êå x , ðàäèóñà t :

u(t, x) =
2k−

N+|γ|+1
2 +n Γ(k + 1

2 )

π
N−n

2

n∏
i=1

(
Γ
(
γi+1
2

)) ×

× 1

t2k−1

(
1

t

d

dt

)N+|γ|−1
2 −k [

t−1

∫
Sx,t(N)

T y
x f(x) (y

′)γ dS(y)

]
. (2.3.6)

Çäåñü Sx,t(N) = {y : |x− y| = t} .

Âûâîä 2. Êàê âèäèì, â ýòîì ñëó÷àå (ò.å. ïðè β = 2k è

0 ≤ β ≤ N + |γ| − 1 è íå÷åòíîì N + |γ| ≥ 3 , ðåøåíèå çàäà÷è Êîøè

(2.3.1) óäîâëåòâîðÿåò ïðèíöèïó Ãþéãåíñà.

Ïðèìåð 2.3.2. Ðàññìîòðèì ñëó÷àé, êîãäà ÷èñëî âåñîâûõ ïåðåìåííûõ

n = 0 è êîãäà β = 0 (k=0) , N = 3 , ïîëó÷èì çàäà÷ó Êîøè äëÿ îäíî-

ðîäíîãî âîëíîâîãî óðàâíåíèÿ â R3 . Ðåøåíèå êîòîðîé ñîãëàñíî ôîðìóëå

(2.3.6) çàïèøåòñÿ â âèäå

u(t, x) =
1

4π

d

dt

[
t−1

∫
Sx,t(3)

f(x+ y) dS(y)

]
,

94



÷òî ñîâïàäàåò ñ èçâåñòíîé ôîðìóëîé Êèðõãîôà (ñì. [4], ñ. 226, ôîðìó-

ëà (19)) ðåøåíèÿ îäíîðîäíîãî âîëíîâîãî óðàâíåíèÿ ñ íóëåâîé íà÷àëüíîé

ñêîðîñòüþ.

Ïðèìåð 2.3.3. Ðàññìîòðèì òàêæå ñëó÷àé, êîãäà ÷èñëî âåñîâûõ ïå-

ðåìåííûõ n = 0 , ÷èñëî ïðîñòðàíñòâåííûõ ïåðåìåííûõ N íå÷åòíîå

N ≥ 3 è β = 2k , k � öåëîå, 0 ≤ k ≤ N−1
2 , ìû ïðèõîäèì ê ñèíãóëÿð-

íîé çàäà÷å Êîøè äëÿ óðàâíåíèÿ Ýéëåðà�Ïóàññîíà�Äàðáó. Åãî ðåøåíèå

u(t, x) ñîãëàñíî ôîðìóëå (2.3.6) èìååò âèä

u(t, x) =
2k−

1
2 Γ(k + 1

2 )

(2π)
N
2

1

t2k−1

(
1

t

d

dt

)N−1
2 −k

t−1

∫
Sx,t(N)

f(y + x) dS(ξ)

 .
Â ÷àñòíîñòè, ïðè β = 0 ïîëó÷àåì êëàññè÷åñêóþ ôîðìóëó äëÿ

ðåøåíèÿ âîëíîâîãî óðàâíåíèÿ â íå÷åòíîìåðíûõ ïðîñòðàíñòâàõ

u(t, x) =
t

2
N−1

2 π
N−2

2

(
1

t

d

dt

)n−1
2

t−1

∫
Sx,t(N)

f(y + x) dS(ξ)

 .
Ýòî âûðàæåíèå ñîâïàäàåò ñ ðåøåíèåì, ïîëó÷àåìûì ñ ïîìîùüþ ñôå-

ðè÷åñêèõ ñðåäíèõ (ñì. íàïð. [32], ñ. 698).

2.3.3 B. Ôîðìóëû ðåøåíèÿ ïðè β ≤ n+ |γ|
è äðîáíîì β−1

2

Ñëó÷àé B1). Ïóñòü N + |γ| ≥ 2 � ÷åòíîå ÷èñëî, β−1
2 = k − δ ,

k∈N , δ ∈ [0, 1) , 1 ≤ k < N+|γ|+1
2 , 1 < β ≤ N + |γ|.

Âîñïîëüçóåìñÿ òåîðåìîé 2.1.4, 1) (ôîðìóëà (2.1.20)). Èìååì

FB [jk−δ(t|x|)](|ξ|) = Ak−δ(N,n, γ) · Ik−δ
t ,

ãäå

Ak−δ(N,n, γ) = 2k−1+
N+|γ|

2 −nΓ(k + 1− δ)π
N−n

2

n∏
i=1

Γ

(
γi + 1

2

)
.
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Ðåøåíèå çàäà÷è Êîøè (2.3.1) çàïèøåòñÿ â âèäå:

u(t, x) = c(N,n, γ)Ak−δ(N,n, γ)
(
Ik−δ
t , T x

η f
)
γ
=

=
2k−

N+|γ|
2 +nΓ(k + 1− δ)

π
N−n

2 Γ(1− δ)
n∏

i=1

Γ
(
γi+1
2

)
1∫

0

z2k−1(1− z2)−δ×

× 1

t2k−2

(
1

t

d

dt

)N+|γ|
2 −k [

tN+|γ|−2

∫
S+
1 (N)

T x
tzξf(tzξ) (ξ

′)γ dS(ξ)

]
dz =

=
2k−

N+|γ|
2 +nΓ(k + 1− δ)

π
N−n

2 Γ(1− δ)
n∏

i=1

Γ
(
γi+1
2

)
1∫

0

z2k−N−|γ|(1− z2)−δ×

× 1

t2k−2

(
1

t

d

dt

)N+|γ|
2 −k [

(tz)N+|γ|−1 1

t

∫
S+
1 (N)

T x
tzξf(tzξ) (ξ

′)γ dS(ξ)

]
dz .

Ñäåëàåì çàìåíó tzξ = y , tz = |y| , z = |y|
t è çàïèøåì ðåøåíèå â âèäå

èíòåãðàëà ïî øàðó:

u(t, x) =
2k−

N+|γ|
2 +nΓ(k + 1− δ)

π
N−n

2 Γ(1− δ)
n∏

i=1

Γ
(
γi+1
2

)×

× 1

t2k−2

(
d

tdt

)N+|γ|
2 −k

1

t2k−N−|γ|−2δ+2

∫
|y|<t

|y|2k−N−|γ|(t2 − |y|2)−δ×

× T x
y f(y) (y

′)γ dy. (2.3.7)

Ñëó÷àé B2). Ïóñòü (N + |g| ≥ 2) � ÷åòíîå β−1
2 = −δ1 , ãäå

δ1 ∈ [0, 12 ] , 0 ≤ β ≤ 1 . Âîñïîëüçóåìñÿ òåîðåìîé 2.1.4, 1) (ôîðìóëà

(2.1.21)). Èìååì

FB [j β−1
2
(t|x|)](|ξ|) = A−δ1(N,n, γ) · I

−δ1
t ,
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ãäå

A−δ1(N,n.γ) = 2
N+|γ|

2 −n−1Γ(1− δ1)π
N−n

2

n∏
i=1

Γ

(
γi + 1

2

)
.

Ðåøåíèå çàäà÷è Êîøè (2.3.1) çàïèøåòñÿ â âèäå:

u(t, x) = c(N,n, γ)A−δ1(N,n, γ)
(
I−δ1
t , T x

η f
)
γ
=

=
2n−

N+|γ|
2

π
N−n

2

n∏
i=1

Γ
(
γi+1
2

)
1∫

0

z(1− z2)−δ1×

× (t
d

dt
+2−2δ1)

(
1

t

d

dt

)N+|γ|−2
2

[
tN+|γ|−2

∫
S+
1 (N)

T x
tzξf(tzξ) (ξ

′)γ dS(ξ)

]
dz

èëè â âèäå èíòåãðàëà ïî øàðó ðàäèóñà t :

u(t, x) =
2n−

N+|γ|
2

π
N−n

2

n∏
i=1

Γ
(
γi+1
2

) (t ddt+2−2δ1)

(
1

t

d

dt

)N+|γ|−2
2

tN+|γ|+2δ1−4×

×
∫

|y|<t

|y|2−N−|γ|(t2 − |y|2)−δ1T x
y f(y) (y

′)γ dy . (2.3.8)

Âûâîä 3. Ïðè óñëîâèè β−1
2 � äðîáíîå ÷èñëî, β < N + |γ| è

÷åòíîì N + |γ| ≥ 2 ðåøåíèå çàäà÷è Êîøè (2.3.1) íå óäîâëåòâîðÿåò

ïðèíöèïó Ãþéãåíñà.

Ïðèìåð 2.3.4. Ðàññìîòðèì ñëó÷àé, êîãäà ÷èñëî âåñîâûõ ïåðåìåííûõ

n = 0 è ïðè ïðè β = 0 , N = 2 ïîëó÷èì çàäà÷ó Êîøè äëÿ îäíîðîäíîãî

âîëíîâîãî óðàâíåíèÿ â R2 . Ðåøåíèå êîòîðîé ñîãëàñíî ôîðìóëå (2.3.8)

çàïèøåòñÿ â âèäå

u(t, x) =
1

2π

(
t
d

dt
+1

)
1

t

∫
|y|≤t

(t2 − |y|2)− 1
2 f(x+ y) dy =
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=
1

2π

(
d

dt

) ∫
|y|≤t

(t2 − |y|2)− 1
2 f(x+ y) dy ,

÷òî ñîâïàäàåò ñ èçâåñòíîé ôîðìóëîé Ïóàññîíà.

Ñëó÷àé B3). Ïóñòü N+|γ| ≥ 3 � íå÷åòíîå è 0 ≤ β ≤ N+|γ| ,

k∈N, 1 ≤ k <
N + |γ|+ 1

2
,
β − 1

2
= k − δ − 1

2
, δ ∈ [0, 1).

Âîñïîëüçóåìñÿ òåîðåìîé 2.1.4, 2) (ôîðìóëà (2.1.22)). Èìååì

FB [jk−δ− 1
2
(t|x|)](|ξ|) = Ak−δ− 1

2
(N,n, γ) · Ik−δ− 1

2
t ,

ãäå

Ak− 1
2−δ(N,n, γ) = 2k−

3
2+

N+|γ|
2 −nΓ

(
k +

1

2
− δ

)
π

N−n
2

n∏
i=1

Γ

(
γi + 1

2

)
.

Ðåøåíèå çàäà÷è Êîøè (2.3.1) çàïèøåòñÿ â âèäå:

u(t, x) = c(N,n, γ)Ak−δ− 1
2
(N,n, γ)

(
I
k−δ− 1

2
t , T x

η f
)
γ
=

=
2k−

N+|γ|+1
2 +nΓ(k + 1

2 − δ)

π
N−n

2 Γ(1− δ)
n∏

i=1

(
Γ
(
γi+1
2

))
1∫

0

z2k−2(1− z2)−δ×

× 1

t2k−3

(
1

t

d

dt

)N+|γ|+1
2 −k [

tN+|γ|−2

∫
S+
1 (N)

T x
tzξf(tzξ) (ξ

′)γ dS(ξ)

]
dz .

Ýòî ðåøåíèå òàêæå ìîæíî çàïèñàòü â âèäå èíòåãðàëà ïî øàðó:

u(t, x) =
2k−

N+|γ|+1
2 +nΓ(k + 1

2 − δ)

π
N−n

2 Γ(1− δ)
n∏

i=1

(
Γ
(
γi+1
2

))×
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× 1

t2k−3

(
d

tdt

)N+|γ|+1
2 −k

1

t2k−N−|γ|−2δ+1

∫
|y|<t

|y|2k−1−N−|γ|(t2 − |y|2)−δ×

× T x
y f(y) (y

′)γ dy. (2.3.9)

Âûâîä 4. Ïðè óñëîâèè β−1
2 � äðîáíîå ÷èñëî, β < N + |γ| è

íå÷åòíîì N + |γ| ≥ 3 ðåøåíèå çàäà÷è Êîøè (2.3.1) íå óäîâëåòâîðÿåò

ïðèíöèïó Ãþéãåíñà.

Ïðèìåð 2.3.5. Ðàññìîòðèì ñëó÷àé, êîãäà ÷èñëî âåñîâûõ ïåðåìåííûõ

n = 0 , ÷èñëî ïðîñòðàíñòâåííûõ ïåðåìåííûõ N íå÷åòíîå N ≥ 3 è

ïðè β = 2k − 2δ , k � öåëîå, 0 ≤ k ≤ N−1
2 , δ ∈ [0, 1) , ìû ïðèõîäèì

ê ñèíãóëÿðíîé çàäà÷å Êîøè äëÿ óðàâíåíèÿ Ýéëåðà�Ïóàññîíà�Äàðáó.

Åãî ðåøåíèå u(t, x) â ýòîì ñëó÷àå ñîãëàñíî ôîðìóëå (2.3.9) èìååò âèä

u(t, x) =
2k−

N+1
2 Γ(k + 1

2 − δ)

π
N
2 Γ(1− δ)

×

× 1

t2k−3

(
d

tdt

)N+1
2 −k

1

t2k−N−2δ+1

∫
|y|<t

|y|2k−N−1(t2 − |y|2)−δ f(y + x) dy.

2.3.4 ×èñëî N + |γ| äðîáíîå

Ïóñòü N + |γ| = [N + |g|]+{N + |γ|} = m+α , m � öåëàÿ ÷àñòü, à α �

äðîáíàÿ ÷àñòü ÷èñëà N + |γ| , ïðè ýòîì α ̸= 0 . Îáîçíà÷èì ᾱ = 1− α .

È ïóñòü ôóíêöèÿ u(x, t) óäîâëåòâîðÿåò óðàâíåíèþ

�γu = 0, �γ = Bβ,t −∆γ,x, x ∈ RN (2.3.10)

è íà÷àëüíûì óñëîâèÿì

u(x, 0) = f(x), ut(x, 0) = 0. (2.3.11)

Ïðèìåíèì ìåòîä ñïóñêà, ÷òîáû èññëåäîâàòü ðåøåíèå ýòîãî óðàâ-

íåíèÿ ïî ðåøåíèþ óðàâíåíèÿ ñ öåëûì çíà÷åíèåì ñóììû ðàçìåðíîñòè

åâêëèäîâà ïðîñòðàíñòâà ñ ðàçìåðíîñòüþ îïåðàòîðîâ Áåññåëÿ.
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Äëÿ ýòîãî çàìåòèì, ÷òî ôóíêöèÿ ū(x, ȳ, t) , ïîëó÷åííàÿ ïðîäîë-

æåíèåì ðåøåíèÿ u(x, t) óðàâíåíèÿ (2.3.10) ïî äîïîëíèòåëüíîìó íà-

ïðàâëåíèþ ȳ êîíñòàíòîé, óäîâëåòâîðÿåò óðàâíåíèþ

�γu−Bȳ,ᾱ = 0, (x, y) ∈ RN × R1 (2.3.12)

è íà÷àëüíûì óñëîâèÿì

ū(x, ȳ, 0) = f̄(x, ȳ), ūt(x, ȳ, 0) = 0, (2.3.13)

ãäå f̄(x, ȳ) ïðîäîëæåíèå â êà÷åñòâå êîíñòàíòû ôóíêöèè f(x) ïî ïå-

ðåìåííîé ȳ . Íî òåïåðü íîâîå óðàâíåíèå (2.3.12) ðàññìàòðèâàåòñÿ â

åâêëèäîâîì N + 1 -ïîëóïðîñòðàíñòâå òî÷åê (x, ȳ) ∈ RN+1 ïðè ýòîì

N + 1 + |γ| + ᾱ � öåëîå ÷èñëî. Ïîýòîìó äëÿ ðåøåíèÿ çàäà÷è Êîøè

(2.3.12)�(2.3.13) âûïîëíåíû âñå óñëîâèÿ ïðè êîòîðûõ âûïîëíÿåòñÿ ãþé-

ãåíñîâîñòü ïîëó÷åííûõ ðåøåíèé, èçëîæåííûõ â ï. 2.3.2 è 2.3.3 ýòîé ãëà-

âû. Êàê ìû óæå çàìåòèëè, ãþéãåíñîâîñòü ðåøåíèé âîçìîæíà ëèøü â

ñëó÷àå, êîãäà ÷èñëà β è N+ |γ|+ ᾱ îäíîâðåìåííî öåëûå (ò.å. êîãäà ðå-

øåíèå ïðåäñòàâëåíî ñîîòâåòñòâóþùèì ñôåðè÷åñêèì èíòåãðàëîì). Ïðè-

ìåíèì ìåòîä ñïóñêà ïî ïåðåìåííîé ȳ (íà ïðèìåðå ôîðìóëû (2.3.5))

lim
m→∞

(Ikt , T
y
x f(x)ηm(ȳ))γ+ᾱ = lim

m→∞

1

t2k

(
1

t

d

dt

)N+1+|γ|+ᾱ
2 −k−1 [

t−1 ×

×
∫

Sx,t(N+1)

T y
x f(x)ηm(ȳ) (y′)γ+ᾱ dS(y)

]
=

=
1

t2k

(
1

t

d

dt

)N+1+|γ|+ᾱ
2 −k−1 [

t−1

∫
St(N+1)

T y
x f(x) (y

′)γ+ᾱ dS(y)

]
.

Òàê êàê f íå çàâèñèò îò ȳ , òî çàìåíÿÿ ïîâåðõíîñòíûé èíòåãðàë ïî

ïîëóñôåðå S+
t (N + 1) = |y|2 + ȳ2 = t2 íà óäâîåííûé èíòåãðàë ïî N -

ìåðíîìó øàðó |y| < t , ïîëó÷èì

(Ikt , T
y
x f(x)1(ȳ))γ+ᾱ =

2

t2k

(
1

t

d

dt

)N−1+|γ|+ᾱ
2 −k [

t−1 ×

100



×
∫

|y|<t

(t2 − |y|2)− 1
2T y

x f(x) (y
′)γ+ᾱ dy

]
.

Òàêèì îáðàçîì ìû ïîëó÷èëè ðåøåíèÿ âûðàæåííûå ÷åðåç èíòå-

ãðàëû ïî ïðîåêöèè ñôåðû â RN+1 íà ïëîñêîñòü ȳ = 0 , êîòîðàÿ ÿâëÿ-

åòñÿ øàðîì â åâêëèäîâîì ïðîñòðàíñòâå RN . èíòåãðàëû. Ïîýòîìó äëÿ

ýòèõ ðåøåíèé (2.3.10)�(2.3.11) ïðèíöèï Ãþéãåíñà îòñóòñòâóåò.

Âûâîä 5. Ïðèíöèï Ãþéãåíñà äëÿ ðåøåíèÿ çàäà÷è Êîøè äëÿ

óðàâíåíèÿ (2.3.1) ïðè äðîáíîì çíà÷åíèè N + |γ| íå ñïðàâåäëèâ.

2.3.5 C. Ôîðìóëà ðåøåíèÿ ïðè β > N + |γ|

Â ýòîì ñëó÷àå ôîðìóëà ðåøåíèÿ óïðîùàåòñÿ, ïîñêîëüêó, ñîãëàñíî ôîð-

ìóëå (2.1.9), FB [j β−1
2
(t| · |)](x) = ψt, β−1

2
(x) � ãëàäêàÿ ôèíèòíàÿ ôóíê-

öèÿ ñ íîñèòåëåì â N-ïîëóøàðå {|x| < t}+N : ïðè µ = β−1
2 > N+|γ|−1

2

(β > N + |γ|) ñïðàâåäëèâî ðàâåíñòâî

FB [jµ(a |x|)](ξ) = FB [jµ(a |x|)](|ξ|) =

=


(a2−|ξ|2)µ−N+|γ|

2

a2µ A(µ,N,n,γ) , ξ ∈ {|ξ| < a}+ ,

0 , ξ /∈ {|ξ| < a}+ ,
ãäå

A(N,n, µ, γ) =
π

n−N
2

2N−n+|γ|

Γ
(
µ+ 1− N+|γ|

2

)
Γ(µ+ 1)

∏n
i=1 Γ

(
γi+1
2

) .
Ðåøåíèå(2.3.4) çàäà÷è Êîøè (2.3.1) ïðèìåò âèä

u(x, t) = c(N,n, γ)
(
FBγ [j β−1

2
(t| · |)](y), T x

y f
)
γ
=

=
c(N,n, γ)

A(N,n, β, γ)

∫
{|y|<t}+

N

(t2 − |y|2)
β−1−N−|γ|

2

tβ−1
T x
y f(y) y

γ dy , (2.3.14)
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ãäå

A(N,n, β, γ) =
1

π
N−n

2 2N+|γ|−n

Γ
(

β−N−|γ|+1
2

)
Γ(β+1

2 )
∏n

i=1 Γ
(
γi+1
2

) .
Èç ïîëó÷åííîé ôîðìóëû ñëåäóåò

Âûâîä 6. Åñëè ðàçìåðíîñòü îïåðàòîðà Áåññåëÿ ïî âðåìåíè â

óðàâíåíèè (2.3.1) äîñòàòî÷íî áîëüøàÿ (òî÷íåå β > N + |γ| ), òî äëÿ ðå-
øåíèÿ çàäà÷è Êîøè (2.3.1) ìîæåò âûïîëíÿòüñÿ ëèøü ñëàáûé ïðèíöèï

Ãþéãåíñà, ò.å. ñóùåñòâóåò ïåðåäíèé ôðîíò âîëíû è îòñóòñòâóåò çàäíèé.

Ïðèìåð 2.3.6. Ðàññìîòðèì ñëó÷àé, êîãäà ÷èñëî âåñîâûõ ïåðåìåííûõ

n = 0 è ïðè β > N , ìû ïðèõîäèì ê ñèíãóëÿðíîé çàäà÷å Êîøè äëÿ

óðàâíåíèÿ Ýéëåðà�Ïóàññîíà�Äàðáó. Åãî ðåøåíèå u(t, x) â ýòîì ñëó-

÷àå ñîãëàñíî ôîðìóëå (2.3.14) èìååò âèä

u(t, x) =
Γ(β+1

2 )

π
n
2 Γ(β−n+1

2 )

∫
{|y|<t}+

N

(t2 − |y|2)
β−N−1

2

tβ−1
f(y + x) dy.

Ïîñëåäíÿÿ ôîðìóëà ñîâïàäàåò ñ èçâåñòíûì ðåøåíèåì óðàâíåíèÿ

Ýéëåðà�Ïóàññîíà�Äàðáó (ñì.íàïð. [54]).

2.4 Îáîáùåííûé ñèíãóëÿðíûé

ïðèíöèï Ãþéãåíñà

Íàøåé ñëåäóþùåé çàäà÷åé ÿâëÿåòñÿ ôîðìóëèðîâêà ¾îáîáùåííîãî ñèí-

ãóëÿðíîãî ïðèíöèïà Ãþéãåíñà¿1 äëÿ ðåøåíèÿ ñèíãóëÿðíîé çàäà÷è Êî-

øè

utt +
β

t
ut −∆Bγ

u = 0 , β > 0, (2.4.1)

∆Bγ=

n∑
i=1

Bγi+

N∑
i=n+1

uxixi , Bγi=
∂2

∂x2i
+
γi
xi

∂2

∂x2i
, γi>0 ,

1Òåðìèí ¾ñèíãóëÿðíûé ïðèíöèï Ãþéãåíñà¿ (ÑÏÃ) ââåäåí â ðàáîòàõ È.À. Êèïðè-

ÿíîâà, Ã.Ì. Êàãàíà è Ë.À. Èâàíîâà è îòëè÷àåòñÿ îò êëàññè÷åñêîãî ÏÃ.
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u|t=0 = f(x), ut|t=0 = 0. (2.4.2)

Ñðåäè íàéäåííûõ ðåøåíèé ýòîé çàäà÷è Êîøè òîëüêî â äâóõ ñëó-

÷àÿõ ðåøåíèå ïðåäñòàâëÿåòñÿ ñôåðè÷åñêèì èíòåãðàëîì � ýòî ðåøå-

íèÿ îïèñàííûå â ïóíêòå 2.3.2, äëÿ ñëó÷àåâ A1 è A3. Ïîýòîìó ìîæåì

óòâåðæäàòü ñëåäóþùèé äîñòàòî÷íûé ïðèíöèï Ãþéãåíñà äëÿ ðåøåíèÿ

Â-ãèïåðáîëè÷åñêîãî óðàâíåíèÿ ñ îïåðàòîðîì Áåññåëÿ ïî âðåìåíè.

Îáîáùåííûé ñèíãóëÿðíûé ïðèíöèï Ãþéãåíñà (ÎÑÏÃ)

Ðåøåíèå çàäà÷è (2.4.1) è (2.4.2) óäîâëåòâîðÿåò ¾îáîáùåííîìó ïðèí-

öèïó Ãþéãåíñà¿, åñëè ÷èñëà β è |γ| öåëûå, à ÷èñëà 1 + β è N + |γ|
îáëàäàþò îäèíàêîâîé ÷åòíîñòüþ è óäîâëåòâîðÿþò íåðàâåíñòâó β +

1 ≤ N + |γ| .
Î÷åâèäíî, ÷òî ýòîìó ïðèíöèïó óäîâëåòâîðÿþò ðåøåíèÿ ñîîò-

âåòñòâóþùåé çàäà÷è Êîøè êëàññè÷åñêîãî âîëíîâîãî óðàâíåíèÿ utt −
∆u = 0 . Íî ñôîðìóëèðîâàííîìó âûøå ñèíãóëÿðíîìó ïðèíöèïó Ãþé-

ãåíñà (ÑÏÃ) óäîâëåòâîðÿþò ðåøåíèÿ çàäà÷ Êîøè äëÿ ñèíãóëÿðíûõ ãè-

ïåðáîëè÷åñêèõ çàäà÷.

Íàïðèìåð, â äèññåðòàöèîííîé ðàáîòå [20], âûïîëíåííîé ïî ðó-

êîâîäñòâîì È.À. Êèïðèÿíîâà, ÑÏÃ ñôîðìóëèðîâàí â âèäå ñëåäóþùèõ

äâóõ óòâåðæäåíèé (èñïîëüçóþòñÿ îáîçíà÷åíèÿ äèññåðòàöèè)

ÑÏÃ Êèïðèÿíîâà�Êàãàíà. I. Ïóñòü ðàçìåðíîñòü åâêëèäîâà

ïðîñòðàíñòâà â (2.4.1) ÿâëÿåòñÿ ÷åòíûì ÷èñëîì N , è ïóñòü ðàçìåð-

íîñòü îïåðàòîðà Áåññåëÿ ïî âðåìåíè ÷èñëî β = 2k + 1 � íå÷åòíîå,

à ðàçìåðíîñòè îïåðàòîðîâ Áåññåëÿ ïî ïðîñòðàíñòâåííûì ïåðåìåííûì

âõîäÿùèõ â óðàâíåíèå (2.4.1) � ÷åòíûå ÷èñëà: γi = 2pi, i = 1, . . . , n .

Åñëè k + |p| ≤ N−1
2 , òî ðåøåíèå óäîâëåòâîðÿåò ïðèíöèïó Ãþéãåíñà.

II. Ïóñòü ðàçìåðíîñòü åâêëèäîâà ïðîñòðàíñòâà â (2.4.1) ÿâëÿåòñÿ

íå÷åòíûì ÷èñëîì N , è ïóñòü ðàçìåðíîñòü îïåðàòîðà Áåññåëÿ ïî âðå-

ìåíè ÷èñëî β = 2k � ÷åòíîå è ðàçìåðíîñòè îïåðàòîðîâ Áåññåëÿ ïî

ïðîñòðàíñòâåííûì ïåðåìåííûì âõîäÿùèõ â óðàâíåíèå (2.4.1) � ÷åò-

íûå ÷èñëà. Òîãäà ðåøåíèå çàäà÷è Êîøè (2.4.1), (2.4.2) óäîâëåòâîðÿåò

ïðèíöèïó Ãþéãåíñà.
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Êîììåíòàðèé. Êàê âèäèì, è â ñëó÷àå I è â ñëó÷àÿõ II öåëûå

÷èñëà β +1 è N + |γ| îáëàäàþò îäèíàêîâîé ÷åòíîñòüþ, ÷òî ñîâïàäàåò
ñ ÎÑÏÃ ñôîðìóëèðîâàííîãî âûøå. Íåðàâåíñòâî æå k + |p| ≤ N−1

2 , ñî-

ïðîâîæäàåò íåêîòîðûå èç ïðåäøåñòâóþùèõ ðàáîò, ïîñâÿùåííûõ ÑÏÃ

(ñì. íàïðèìåð, ðàáîòû [55], [63], [28]), ïîðîæäåíî ïðèìåíÿåìîé ìåòîäè-

êîé èññëåäîâàíèÿ è ÿâëÿåòñÿ ëèøíèì, ÷òî ÿñíî âûòåêàåò èç ñëåäóþùåãî

ïðèìåðà. Ðàññìîòðèì óðàâíåíèå

utt = ∆x +∆y, x ∈ Rn, y ∈ Rm

Åãî ðåøåíèÿ óäîâëåòâîðÿþò ïðèíöèïó Ãþéãåíñà, òîëüêî â ñëó÷àå åñëè

÷èñëî n+m íå÷åòíîå. Ïðåäïîëîæèì òåïåðü, ÷òî ïî óñëîâèþ çàäà÷è ðå-

øåíèå èùåòñÿ â êëàññå ôóíêöèé ðàäèàëüíûõ ïî íàïðàâëåíèþ y . Òîãäà

îíî îäíîâðåìåííî óäîâëåòâîðÿåò ñèíãóëÿðíîìó óðàâíåíèþ

utt = ∆x + urr +
m− 1

r
ur , r = |y|

è, ïîýòîìó, ðåøåíèå u = u(x, |y|, t) óäîâëåòâîðÿåò îáîèì óðàâíåíèÿì

è, ñëåäîâàòåëüíî, ïðèíöèïó Ãþéãåíñà ëèøü â ñëó÷àå, åñëè n + m �

íå÷åòíîå. Íî âûïîëíåíèå íåðàâåíñòâà β + γ ≤ n + 1 (ò.å. â òåðìèíàõ

óðàâíåíèÿ (2.4.1)íåðàâåíñòâà 0 + m − 1 ≤ n + 1 ) íåîáÿçàòåëüíî. Äëÿ

òîãî, ÷òîáû ÷èñëî n+m áûëî íå÷åòíûì íåîáõîäèìî ëèøü ÷òîáû ÷èñëà

n è m èìåëè ðàçíóþ ÷åòíîñòü!

Â êà÷åñòâå ñëåäóþùåãî ïðèìåðà ðàññìîòðèì ðàáîòó [26], ãäå ðàñ-

ñìàòðèâàëîñü óðàâíåíèå (2.4.1) ñ ïàðàìåòðàìè β = 0 è N = n . Ôîð-

ìóëèðîâêà ïðèíöèïà Ãþéãåíñà ñëåäóþùàÿ.

(ÑÏÃ Êèïðèÿíîâà�Çàñîðèíà). Ïóñòü α = n+ |γ| − 1 . Ïðèí-

öèï Ãþéãåíñà äëÿ çàäà÷è (2.4.1), (2.4.2) ñïðàâåäëèâ ëèøü â ñëó÷àå ÷åò-

íîãî α = 2k.

Êîìåíòàðèé. Êàê âèäèì, çäåñü óäîâëåòâîðÿþòñÿ óñëîâèÿ ñôîð-

ìóëèðîâàííîãî âûøå Ñèíãóëÿðíîãî Ïðèíöèïà Ãþéãåíñà: ÷èñëà 1 +

β = 1 è n + |γ| = 2k + 1 îäíîâðåìåííî íå÷åòíûå. Îòìåòèì òàêæå,

÷òî â ðàáîòå [26] íåò íåðàâåíñòâà ìåæäó N è |γ|, êàê â ðàáîòàõ [55],

[63]. Ñëó÷àé æå ÷åòíîãî n+ |γ| òðåáîâàë ââåäåíèÿ íîâîãî ôóíêöèîíàëà
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Êèïðèÿíîâà, ÷òî â [26] íå ñäåëàíî. Òàêèì îáðàçîì ïðèíöèï ÑÏÃ ÿâëÿ-

åòñÿ íàèáîëåå îáùèì äëÿ âñåõ ðàññìîòðåííûõ ðàáîò ïî èññëåäîâàíèþ

ãþéãåíñîâîñòè ñèíãóëÿðíûõ ãèïåðáîëè÷åñêèõ óðàâíåíèé.

Â êà÷åñòâå ñëåäóþùåãî ïðèìåðà ðàññìîòðèì ðàáîòó [28], ãäå

ðàññìàòðèâàëàñü çàäà÷à Êîøè (2.4.2) óðàâíåíèå (2.4.1) ñ ýëëèïòè-

÷åñêèì îïåðàòðîì ïî ïðîñòðàíñòâåííûì ïåðåìåííûì ñ ïàðàìåòðàìè

β > 0 , γi = 0 , (ò.å. âåñîâûå ïðîñòðàíñòâåííûå ïåðåìåííûå îòñóòñòâó-

þò: n = 0. ) ôîðìóëèðîâêà ïðèíöèïà Ãþéãåíñà ñëåäóþùàÿ.

(ÑÏÃ Êèïðèÿíîâà�Èâàíîâà). Ïóñòü β ≥ 0 , γi = 0, ò.å.

n = 0. Ïðèíöèï Ãþéãåíñà äëÿ çàäà÷è (2.4.1), (2.4.2) ñïðàâåäëèâ ëèøü

â ñëó÷àå íå÷åòíîãî N − β, β ≤ N − 1.

Êîììåíòàðèé. Ïðîâåðèì, çäåñü òàêæå óäîâëåòâîðÿþòñÿ óñëî-

âèÿ ñôîðìóëèðîâàííîãî âûøå Ñèíãóëÿðíîãî Ïðèíöèïà Ãþéãåíñà. Â

ñàìîì äåëå, åñëè ÷èñëà N + |γ| = N , β + 1 îäèíàêîâîé ÷åòíîñòè, íà-

ïðèìåð, îáà ÷åòíûå, òî β � íå÷åòíîå, ñëåäîâàòåëüíî N − β íå÷åòíîå;

à åñëè ÷èñëà N + |γ| = N , β + 1 îáà íå÷åòíûå, òî β � ÷åòíîå, ñëåäî-

âàòåëüíî N−β íå÷åòíîå. Ò.å. íå÷åòíîëñòü ÷èñëà N−β åñòü ñëåäñòâèå

óñëîâèÿ ¾îäèíàêîâîé ÷åòíîñòè¿ ÷èñåë N + |γ| è β. Íåðàâåíñòâî æå

β ≤ N − 1 � ýòî íåðàâåíñòâî β + 1 < N + |γ| . Òàêèì îáðàçîì, ÑÏÃ

Êèïðèÿíîâà�Èâàíîâà òîæå åñòü ñëåäñòâèå ÎÑÏÃ, ñôîðìóëèðîâàííîãî

âíà÷àëå ïóíêòà.

Ýòî åùå ðàç ïîäòâåðæäàåò, ÷òî ââåäåííûé â äèññåðòàöèè ïðèí-

öèï ÑÏÃ ÿâëÿåòñÿ íàèáîëåå îáùèì äëÿ âñåõ ðàññìîòðåííûõ ðàáîò, èñ-

ñëåäîâàâøèõ ãþéãåíñîâîñòü ñèíãóëÿðíûõ ãèïåðáîëè÷åñêèõ óðàâíåíèé

âòîðîãî ïîðÿäêà.
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Ãëàâà 3

Óðàâíåíèÿ

Ýéëåðà�Ïóàññîíà�Äàðáó

Äàííàÿ ãëàâà ïîñâÿùåíà íàõîæäåíèþ ðåøåíèÿ çàäà÷è Êîøè ñ ãðà-

íè÷íûìè óñëîâèÿìè äëÿ óðàâíåíèÿ Ýéëåðà�Ïóàññîíà�Äàðáó (ÝÏÄ).

Ïîäîáíàÿ êðàåâàÿ çàäà÷à, íî äëÿ B-ãèïåðáîëè÷åñêîãî óðàâíåíèÿ

ðàññìàòðèâàëàñü â ðàáîòå [48]. Íàìè æå ñòàâèòñÿ çàäà÷à äëÿ Â-

ãèïåðáîëè÷åñêîãî óðàâíåíèÿ ñ îïåðàòîðîì Áåññåëÿ ïî âðåìåíè. Ðàñ-

ñìàòðèâàåìûå îïåðàòîðû Áåññåëÿ â óðàâíåíèè ìîãóò èìåòü ðàçëè÷íûå

ïàðàìåòðû. Ðåøåíèå ñóùåñòâóåò, åäèíñòâåííî è ìîæåò áûòü ïðåäñòàâ-

ëåíî â âèäå ôîðìóëû Ïóàññîíà, îïðåäåëÿåìîé ñïåöèàëüíûì ñäâèãîì,

êîòîðûé ïîðîæäåí ïðîèçâåäåíèåì öèëèíäðè÷åñêèõ ôóíêöèé ïåðâîãî

ðîäà ðàçíûõ ïîðÿäêîâ.
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3.1 Êðàåâûå çàäà÷è äëÿ óðàâíåíèÿ ÝÏÄ ñ

îïåðàòîðîì Áåññåëÿ ïî âðåìåíè

Ïóñòü α = (α1, ..., an) � ôèêñèðîâàííûå ïîëîæèòåëüíûå ÷èñëà. Ðàñ-

ñìîòðèì óðàâíåíèå

Bβ,tu(x, t) = ∆Bα,xu(x, t), ãäå ∆Bα,x=

n∑
i=1

Bαi+

N∑
k=n+1

∂2

∂x2k

ñ íà÷àëüíûìè óñëîâèÿìè

u(x, 0) = φ(r), ut(x, 0) = ψ(r), r = |x|

è îäíèì èç ãðàíè÷íûõ óñëîâèé:

i) ãðàíè÷íîå óñëîâèå ïåðâîãî ðîäà

u(x, t)||x|=1 = f1(t);

ii) ãðàíè÷íîå óñëîâèå âòîðîãî ðîäà

∂u

∂ω⃗

∣∣∣∣
|x|=1

= f2(t),

ω⃗ � âåêòîð âíåøíåé íîðìàëè ê ñôåðå |x| = 1 ;

iii) ãðàíè÷íîå óñëîâèå òðåòüåãî ðîäà(
u+H

∂u

∂ω⃗

) ∣∣∣∣
|x|=1

= 0,

H � çàäàííàÿ ïîñòîÿííàÿ.

Íà÷àëüíî-ãðàíè÷íûå óñëîâèÿ ïîçâîëÿþò ñ÷èòàòü ðåøåíèå óðàâ-

íåíèÿ ðàäèàëüíûì. Òîãäà ñôåðè÷åñêàÿ çàìåíà ïåðåìåííûõ x = rθ ,

|θ| = 1 ïðèâîäèò ê ñëåäóþùèì çàäà÷àì

Bβ,tu = BN+|α|−1,ru, u(r, 0) = φ(r), ut(r, 0) = ψ(r),

i)u|r=1 = 0; ii)ur|r=1 = 0; iii) (u+Hur)|r=1 = 0.

Çäåñü ðàçìåðíîñòü β � äåéñòâèòåëüíîå ÷èñëî, ðàçìåðíîñòè αi � ôèê-

ñèðîâàííûå ïîëîæèòåëüíûå ÷èñëà. Äàëåå ïîëîæèì N + |α| − 1 = γ .
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3.2 Êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ ÝÏÄ ñ

ïîëîæèòåëüíûìè ðàçìåðíîñòÿìè

îïåðàòîðîâ Áåññåëÿ

Ââåäåì ñïåöèàëüíûé ¾ (µν )− ñäâèã¿1, ïîðîæäåííûé ïðîèçâåäåíèåì j-

ôóíêöèé Áåññåëÿ ïåðâîãî ðîäà ðàçíûõ ïîðÿäêîâ µ è ν :

ν,µ

V t f(x) =
2ν+µ Γ(ν + 1)Γ(µ+ 1)

π Γ(ν + µ)
×

×
∫ π/2

−π/2

eiθ(µ−ν) cosν+µ θ f(
√

2 cos θ(x2eiθ + t2e−iθ)) dθ .

Ðàññìîòðèì óðàâíåíèå

Bβ, tu(r, t) = Bγ, ru(r, t) γ>0, β>0 (r, t) ∈ D = {(0, 1)× (0, T )}, T>0 .

(3.2.1)

Òðåáóåòñÿ íàéòè ðåøåíèå ýòîãî óðàâíåíèÿ

u(r, t) ∈ C1(D) ∩ C2(D) ∩H3
γ(0, 1; C(0, T )), (3.2.2)

óäîâëåòâîðÿþùåå íà÷àëüíîìó óñëîâèþ

u(r, 0) = φ(r), 0 6 r 6 1, (3.2.3)

è îäíîìó èç ñëåäóþùèõ ãðàíè÷íûõ óñëîâèé ïåðâîãî, âòîðîãî è òðåòüåãî

ðîäà ñîîòâåòñòâåííî:

|u(0, t)| <∞, u(1, t) = 0, 0 6 t 6 T ; (3.2.4)

ur(0, t) = 0, 0 6 t 6 T ; ur(1, t) = 0, 0 6 t 6 T. (3.2.5)

1Ïîäîáíûå êîíñòðóêöèè, íàçûâàåìûå (µ, ν) -ñâåðòêàìè, âñòðå÷àëèñü â ðàáîòàõ

[21], [30]
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ur(0, t)−Hu(0, t) = 0, 0 6 t 6 T ; ur(1, t)+Hu(0, t) = 0, 0 6 t 6 T.

(3.2.6)

Çäåñü (â îòëè÷èå îò [33]) èçó÷àåòñÿ íà÷àëüíàÿ çàäà÷à â êóïå ñ

ãðàíè÷íûìè óñëîâèÿìè âòîðîãî ðîäà (3.2.5).

Çàìå÷àíèå 3.2.1. Îòñóòñòâèå âòîðîãî íà÷àëüíîãî óñëîâèÿ â (3.2.3)

ñâÿçàíî ñ òåì, ÷òî îíî ÿâëÿåòñÿ ñëåäñòâèåì ïåðâîãî. Ýòî îòìåòèë

Ì.Â.Êåëäûø â ðàáîòå [23] (ñì. òàêæå [51], ñ. 642). Îíî âûãëÿäèò

ïðîñòî: ut(o, r) = o . È ïîäòâåðæäàåò òîò ôàêò, ÷òî îãðàíè÷åí-

íûå ðåøåíèÿ óðàâíåíèÿ (3.2.1) � ÷åòíûå ïî Êèïðèÿíîâó ôóíêöèè (ñì.

îïðåäåëåíèå ÷åòíîé ôóíêöèè â [25], ñ. 21).

Íàìè ðàññìàòðèâàåòñÿ óðàâíåíèå ÝÏÄ ñ ðàçíûìè (âîîáùå ãîâî-

ðÿ) ïîêàçàòåëÿìè ðàçìåðíîñòè îïåðàòîðîâ Áåññåëÿ â ëåâîé è ïðàâîé

÷àñòÿõ óðàâíåíèÿ. ×àñòíûå ðåøåíèÿ óðàâíåíèÿ (3.2.1) , òîæäåñòâåííî

íå ðàâíûå íóëþ â îáëàñòè D è óäîâëåòâîðÿþùèå óñëîâèÿì (3.2.3) è

(3.2.5) , áóäåì èñêàòü â âèäå

u(r, t) = X(r)T (t).

Ïîäñòàâëÿÿ äàííóþ ôóíêöèþ â óðàâíåíèå (3.2.1), ïîñëå ðàçäåëå-

íèÿ ïåðåìåííûõ ïîëó÷èì îòíîñèòåëüíî ôóíêöèè X(r) ñïåêòðàëüíóþ

çàäà÷ó

BγX(r)± λ2X(r) = 0, 0 < x < 1,

|X(0)| <∞, X ′(1) = 0, (3.2.7)

ãäå λ2 � ïîñòîÿííàÿ ðàçäåëåíèÿ (ñëó÷àé λ = 0 ïðèâîäèò ê òðèâè-

àëüíîìó ðåøåíèþ). Ñîãëàñíî ëåììå 1.2.1 ðåøåíèåì ìîæåò ñëóæèòü

ôóíêöèÿ jν(λr) (ïðè ν = γ−1
2 ) èëè jν(iλr) . Âòîðîå èç ýòèõ ðåøåíèé

ïðèâîäèò ê Â-öèëèíäðè÷åñêèì ôóíêöèÿì òðåòüåãî ðîäà, äëÿ êîòîðûõ

äàëüíåéøèå ðàññóæäåíèÿ ïîõîæè. Ïîýòîìó ðàññìàòðèâàåì äàëåå òîëü-

êî óðàâíåíèå

BγX(r) + λ2X(r) = 0, 0 < r < 1,
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è ðåøåíèå X(r) = jν(λr) .

Îáùåå ðåøåíèå ýòîãî óðàâíåíèÿ îïðåäåëÿåòñÿ ïî ôîðìóëå

X(r) = P1jν(λr) + P2Yν(λr), (3.2.8)

ãäå ôóíêöèè jν è Yµ îïðåäåëåíû ðàâåíñòâàìè (1.3.1) è (1.3.3). Âòîðàÿ

èç íèõ íå îãðàíè÷åíà â íà÷àëå êîîðäèíàò è íå óäîâëåòâîðÿåò ïåðâîìó

èç óñëîâèé (3.2.7) . Ïîýòîìó íåîáõîäèìî ïîòðåáîâàòü P2 = 0 . Òîãäà

ðåøåíèå (3.2.8) ñ ïðîèçâîëüíîé êîíñòàíòîé P1 ïðèìåò âèä

X̃(r) = P1jν(λr) , ν =
γ + 1

2
.

Ó÷èòûâàÿ âòîðîå óñëîâèå â (3.2.7), èìååì óðàâíåíèå äëÿ îïðåäåëåíèÿ

λ :

jν
′(λ) = 0,

Ðåøåíèÿìè ýòîãî óðàâíåíèÿ ÿâëÿåòñÿ ñ÷åòíûé íàáîð ÷èñåë λn , îïðåäå-

ëÿþùèé ñèñòåìó îðòîãîíàëüíûõ â Lγ
2 ôóíêöèé ii). Âûáîðîì êîíñòàíòû

P1 ñèñòåìó ôóíêöèé ii) îðòîíîðìèðóåì:

Xn(r) =
√
2
jν(λnr)

|jν(λn)|
.

Çäåñü ìû ó÷ëè, ÷òî â ñëó÷àå ñèñòåìû ii) íîðìà ∥Λ(n)
γ ∥Lγ

2 (0,1)
âû÷èñëÿ-

åòñÿ ïî ôîðìóëå ii) èç 1.3.1.

Äàëåå, ñëåäóÿ [47], ðàññìîòðèì ôóíêöèè

un(t) =

1∫
0

u(r, t) Xn(r) r
γdr, n = 1, 2, . . . . (3.2.9)

Ââåäåì âñïîìîãàòåëüíûå ôóíêöèè âèäà

un,ε(t) =

1−ε∫
ε

u(r, t) Xn(r) r
γdr, n = 1, 2, . . . , (3.2.10)
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ãäå ε > 0 � äîñòàòî÷íî ìàëîå ÷èñëî. Ñ ó÷åòîì óðàâíåíèÿ (3.2.1) ïîëó-

÷èì

Bβun,ε(t) =

1−ε∫
ε

(Bβ, t)u(r, t) Xn(r) r
γdr =

1−ε∫
ε

Bγ,ru(r, t)Xn(r) r
γdr =

=

1−ε∫
ε

∂

∂r
(rγur) Xn(r)dr = rγurXn(r)|1−ε

ε −
l−ε∫
ε

ur X ′
n(r) r

γdr. (3.2.11)

C äðóãîé ñòîðîíû, âíóòðè îòðåçêà [0, 1] ôóíêöèÿ Xn óäîâëåòâîðÿ-

åò (3.2.1) , ÷òî ïîçâîëèò âûðàæåíèå (3.2.10) ïðåîáðàçîâàòü ñëåäóþùèì

îáðàçîì

un,ε(t)=− 1

λ2n

1−ε∫
ε

u(r, t) BγXn(r) r
γdr=− 1

λ2n

1−ε∫
ε

u(r, t)
d

dr
(rγX ′

n(r))dr =

= − 1

λ2n

u(r, t)rγX ′
n(r)

∣∣∣∣1−ε

ε

−
1−ε∫
ε

ur(r, t) X
′
n(r) r

γdr

 .
Îòñþäà

l−ε∫
ε

ur X
′
n(r) r

γdr = λ2nun,ε(t) + u(r, t) X ′
n(r) r

γ | 1−ε
ε . (3.2.12)

Ïîäñòàâëÿÿ (3.2.12) â (3.2.11), áóäåì èìåòü

Bβun,ε(t) = ur(r, t) Xn(r) r
γ | 1−ε

ε − λ2nun,ε(t)− u(r, t) X ′
n(r) r

γ | 1−ε
ε .

Â ñèëó óñëîâèÿ (3.2.5) è (3.2.2) ïîëó÷èì äëÿ îïðåäåëåíèÿ ôóíêöèé

un(t) ñèíãóëÿðíîå äèôôåðåíöèàëüíîå óðàâíåíèå Áåññåëÿ:

Bβun(t) + λ2nun(t) = 0, t ∈ (0, T ).

Îãðàíè÷åííûì ðåøåíèåì ýòîãî óðàâíåíèÿ ÿâëÿåòñÿ j-ôóíêöèÿ Áåññåëÿ

un(t) = an j β−1
2
(λnt).
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Ïîñêîëüêó ôóíêöèè un(t) îïðåäåëåíû ÷åðåç ðåøåíèå çàäà÷è u(r, t) ,

òî ìîæåì âîñïîëüçîâàòüñÿ íà÷àëüíûì óñëîâèåì (3.2.3) . Â ðåçóëüòàòå

ïîëó÷èì

un(0) = an =

1∫
0

u(r, 0) Xn(r) r
−γdr =

1∫
0

φ(r) Xn(r) r
γdr = φn, (3.2.13)

un(t) = φn j β−1
2
(λnt), φn =

1∫
0

φ(r) Xn(r) r
γdr (3.2.14)

3.2.1 Åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è (3.2.1) �

(3.2.3), (3.2.5)

Ïóñòü

φ(r) ≡ 0,

òîãäà èç (3.2.13) ïðè âñåõ n ∈ N ñëåäóåò, ÷òî φn ≡ 0 . Èç (3.2.14)

ïîëó÷èì, ÷òî un(t) = 0 ïðè âñåõ n ∈ N . Òîãäà èç (3.2.9) ïðè ëþáîì

t ∈ [0, T ] èìååì
l∫

0

u(r, t) Xn(r) r
γdr = 0.

Îòñþäà, â ñèëó ïîëíîòû ñèñòåìû ii) â âåñîâîì ïðîñòðàíñòâå Ëåáåãà

Lγ
2(0, 1) ñëåäóåò, ÷òî u(r, t) = 0 ïî÷òè âñþäó íà ïðîìåæóòêå [0, 1] ïðè

ëþáîì t ∈ [0, T ] . Ïîñêîëüêó, ñîãëàñíî (3.2.2) ôóíêöèÿ u(r, t) ∈ C(D) ,

òî u(r, t) = 0 â D .

Òàêèì îáðàçîì, äîêàçàíà

Òåîðåìà 3.2.1. Åñëè ñóùåñòâóåò ðåøåíèå çàäà÷è (3.2.1) � (3.2.3),

(3.2.5), òî îíî åäèíñòâåííî.

112



3.2.2 Ñóùåñòâîâàíèå ðåøåíèÿ çàäà÷è (3.2.1)�(3.2.3),

(3.2.5)

Íà îñíîâàíèè íàéäåííûõ ÷àñòíûõ ðåøåíèé (3.2.8) è (3.2.14) ðåøåíèå

çàäà÷è (3.2.1) � (3.2.3), (3.2.5) îïðåäåëÿåòñÿ â âèäå ðÿäà Ôóðüå-Áåññåëÿ

u(r, t) =

∞∑
n=1

un(t)Xn(r) . (3.2.15)

Ýòî ðÿä òèïà ii).

Ðàññìîòðèì äâà ðÿäà, ïîëó÷åííûå ôîðìàëüíî èç ðÿäà (3.2.15)

ïî÷ëåííûì âçÿòèåì B− ïðîèçâîäíûõ ïî t è ïî r :

Bβ,tu(r, t) ∼
∞∑

n=1

φn (−λ2n)j β−1
2
(λnt) Xn(r) .

Bγ, ru(r, t) ∼
∞∑

n=1

φn j β−1
2
(λnt) (−λ2n)Xn(r) .

Êàê âèäèì ýòè ðÿäû ñõîäÿòñÿ, åñëè |φn| = O(λ−k
n ), k > 3 . Èç ñëåä-

ñòâèÿ 1.5.2 òåîðåìû 1.5.2 ñëåäóåò, ÷òî äëÿ ýòîãî äîñòàòî÷íî ïîòðåáî-

âàòü, ÷òîáû φ ∈ H3
γ(0, 1) . Ïðè ýòîì ðÿäû èç Â-ïðîèçâîäíûõ ðàâíû

Â-ïðîèçâîäíîé ýòîãî ðÿäà è ñõîäÿòñÿ àáñîëþòíî è ðàâíîìåðíî. Òåì ñà-

ìûì äîêàçàíà

Òåîðåìà 3.2.2. Åñëè ôóíêöèÿ φ ∈ C2(0, 1) , à DBγφ ∈ Lγ
2(0, 1) ,

òî ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå u(r, t) çàäà÷è (3.2.1) � (3.2.3),

(3.2.5), îïðåäåëÿåìîå ðÿäîì Ôóðüå�Áåññåëÿ (3.2.15), òèïà ii).

3.2.3 Àíàëîã ôîðìóëû Ïóàññîíà

Íåðàâåíñòâî èíäåêñîâ β è γ ïðèâîäÿò ê ðåøåíèÿì, ïðåäñòàâëåííûì

ðÿäàìè îò ïðîèçâåäåíèÿ j-ôóíêöèé Áåññåëÿ ðàçíûõ ïîðÿäêîâ. Ïðîèç-

âåäåíèå ôóíêöèé Áåññåëÿ ïåðâîãî ðîäà îïðåäåëÿåòñÿ ôîðìóëîé ([46],
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ôîðìóëà 2.12.27.10)

π
Jµ(λr)

(2λr)µ
Jν(λt)

(2λt)−ν
=

π/2∫
−π/2

eiθµ−ν (cos θ)µ+ν Jµ+ν(λs)

(sr)µ+ν
dθ

s =
√

2 cos θ (r2 eiθ + t2e−iθ).

Îòñþäà, ñîãëàñíî (1.3.1), ïîëó÷èì

jν(λr) jµ(λt) =
2ν+µ Γ(ν + 1)Γ(µ+ 1)

π Γ(ν + µ)

∫ π/2

−π/2

eiθ(µ−ν) cosν+µ θ jν+µ(sλ) dθ,

Åñëè ïîëîæèòü çäåñü λ = 0 , òî ó÷èòûâàÿ, ÷òî jν(0)=1 (∀ ν>−1/2) ,

ïîëó÷èì ðàâåíñòâî

1 =
2ν+µ Γ(ν + 1)Γ(µ+ 1)

π Γ(ν + µ)

∫ π/2

−π/2

eiθ(µ−ν) cosν+µ θ dθ ,

êîòîðîå ïîêàçûâàåò, ÷òî îïåðàòîð

ν,µ

V t f(r) =
2ν+µ Γ(ν + 1)Γ(µ+ 1)

π Γ(ν + µ)

∫ π/2

−π/2

eiθ(µ−ν) cosν+µ θ f(s) dθ ,

ÿâëÿåòñÿ óñðåäíÿþùèì îïåðàòîðîì:
ν,µ

V t 1 = 1 (ïîýòîìó îáëàäàåò íåêî-

òîðûìè ñâîéñòâàìè îáîáùåííîãî ñäâèãà (1.5.1), ïîëó÷åííûìè â [33]).

Èìååì

u(r, t) =
∞∑

n=1

un(t)Xn(r) =
∞∑

n=1

φnjβ(λnt)jγ(λnr)

∥Λ(n)
γ ∥Lγ

2 (0,1)

=
∞∑

n=1

C ′(n, γ)

∫ π/2

π/2

eiθ(µ−ν) cosν+µ θ jν+µ(sλn) dθ .

s =
√

2 cos θ(r2eiθ + t2e−iθ)

Òàêèì îáðàçîì ðåøåíèå çàäà÷è (3.2.1) � (3.2.3), (3.2.5) ïðèíÿëî âèä

u(r, t) =
∞∑

n=1

φn

ν,µ

V t
r j β+γ−2

2
(λnr), φn =

∫ 1

0

φ(r)Xn(r)r
γdr , (3.2.16)
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Xn(r) =
jν(λnr)

|jν(λn)|
.

Ñëåäóÿ Á.Ì. Ëåâèòàíó ([33]), ýòó ôîðìóëó áóäåì íàçûâàòü ôîðìó-

ëîé Ïóàññîíà ðåøåíèÿ âòîðîé êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ Ýéëåðà�

Ïóàññîíà�Äàðáó.

Åñëè ïðåäïîëîæèòü, ÷òî β = γ , òî óðàâíåíèå (3.2.1) îêàæåòñÿ

êëàññè÷åñêèì óðàâíåíèåì ÝÏÄ. Â ýòîì ñëó÷àå ìîæíî âîñïîëüçîâàòü-

ñÿ òåîðåìîé ñëîæåíèÿ Ëåâèòàíà äëÿ j-ôóíêöèé Áåññåëÿ (1.3.4). Òîãäà

ðåøåíèå (3.2.15) çàäà÷è (3.2.1) � (3.2.3), (3.2.5) íàõîäèòñÿ ïî ôîðìóëå

u(r, t) =
∞∑

n=1

φnT
t
rXn(r) = T t

rφ(r) ,

÷òî ñîâïàäàåò ñ ôîðìóëîé Ïóàññîíà ðåøåíèÿ çàäà÷è Êîøè äëÿ êëàññè-

÷åñêîãî óðàâíåíèÿ ÝÏÄ (ñì. â [33] ðåøåíèå óðàâíåíèÿ (5.18) ñ óñëîâèåì

(5.14)).

Èç ïîëó÷åííûõ â ýòîì ïóíêòå ôîðìóë âûòåêàåò îñíîâíîé ðå-

çóëüòàò.

Òåîðåìà 3.2.3. Ïóñòü â (3.2.1) ïàðàìåòðû β è γ ïîëîæèòåëüíû,

ôèêñèðîâàííû è jν � îãðàíè÷åííîå ðåøåíèå ñèíãóëÿðíîãî óðàâíåíèÿ

Áåññåëÿ (ñì. â [33]) è ñïåêòðàëüíûé ïàðàìåòð λn � êîðåíü îäíîãî

èç óðàâíåíèé i) � iii). Ðåøåíèå êðàåâîé çàäà÷è (3.2.1), (3.2.2), (3.2.3)

ñ îäíèì èç ãðàíè÷íûõ óñëîâèé (3.2.4), (3.2.5), (3.2.6) ñóùåñòâóåò è

åäèíñòâåííî. Ðåøåíèå â âèäå ðÿäà Ëåâèòàíà (3.2.16) (òèïà Ôóðüå�

Áåññåëÿ (åñëè ïàðàìåòð λn óäîâëåòâîðÿåò óñëîâèÿì i) èëè ii) ) èëè

ðÿäà Äèíè, åñëè ïàðàìåòð λn óäîâëåòâîðÿåò óñëîâèÿì iii)) èìååò

âèä

u(r, t) =
∞∑

n=1

φn

ν,µ

V t
r jµ+ν(λnr), φn =

1∫
0

φ(r)Xn(r)r
γdr ,

ãäå µ=β−1
2 , ν=γ−1

2 , Xn � íîðìèðîâàííàÿ j-ôóíêöèÿ Áåññåëÿ, îïðå-
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äåëåííàÿ ôîðìóëîé

Xn(r) =


jν(λnr)
|j ′

ν(λn)| â ñëó÷àå i),
jν(λnr)
|jν(λn)| â ñëó÷àå ii),

jν(λnr)
|jν (λn)|

λn

√
[λ2−ν2+(ν+H)2]|

â ñëó÷àå iii).

3.3 Êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ

ÝÏÄ ñ −1 < −β < 0 , γ > 0

Â ñëó÷àå ìàëîãî ïàðàìåòðà ðàçìåðíîñòè −β ( 0 < β < 1 ) â êà÷åñòâå

ñîáñòâåííûõ ôóíêöèé îïåðàòîðà Áåññåëÿ B−β ìîæíî èñïîëüçîâàòü Â-

öèëèíäðè÷åñêèå ôóíêöèè (1.4.3) j− β+1
2
, ãëàâíûì ïðåèìóùåñòâîì êî-

òîðûõ ÿâëÿåòñÿ ðàâåíñòâî j− β+1
2
(0) = 1 . Ýòî ïîçâîëèò ðåøàòü ãðàíè÷-

íûå çàäà÷è ñ óñëîâèåì ̸= 0 ðåøåíèÿ â íà÷àëå êîîðäèíàò. Äëÿ áîëüøèõ

çíà÷åíèé îòðèöàòåëüíîãî ïàðàìåòðà −β òàêèå çàäà÷è ìîæíî ðàññìàò-

ðèâàòü òîëüêî ñ ñîáñòâåííûìè ôóíêöèÿìè âèäà (1.4.5).

Ðàññìîòðèì óðàâíåíèå

B−β, tu(r, t) = Bγ, ru(r, t) γ≥0, 0 < β<1

(r, t) ∈ D = {(0, 1)× (0, T )}, T>0 . (3.3.1)

Òðåáóåòñÿ íàéòè ðåøåíèå ýòîãî óðàâíåíèÿ (3.2.2)

u(r, t) ∈ C1(D) ∩ C2(D) ∩H3
γ(0, 1; C(0, T )), (3.3.2)

óäîâëåòâîðÿþùåå íà÷àëüíîìó óñëîâèþ (3.2.3)

u(r, 0) = φ(r), 0 6 r 6 1, (3.3.3)

è îäíîìó èç ñëåäóþùèõ ãðàíè÷íûõ óñëîâèé ïåðâîãî, âòîðîãî è òðåòüåãî

ðîäà ñîîòâåòñòâåííî:

u(0, t) = const ̸= 0 0 6 t 6 T ; u(1, t) = 0, 0 6 t 6 T. (3.3.4)
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ur(0, t) = 0, 0 6 t 6 T ; ur(1, t) = 0, 0 6 t 6 T. (3.3.5)

ur(0, t)−Hu(0, t) = 0, 0 6 t 6 T ; ur(1, t)+Hu(0, t) = 0, 0 6 t 6 T.

(3.3.6)

×àñòíûå ðåøåíèÿ óðàâíåíèÿ (3.3.1), òîæäåñòâåííî íå ðàâíûå íó-

ëþ â îáëàñòè D è óäîâëåòâîðÿþùèå óñëîâèÿì (3.3.2), (3.3.3) è ãðàíè÷-

íûì óñëîâèÿì (3.3.5), áóäåì èñêàòü â âèäå

u(r, t) = X(r)T (t).

Ïîäñòàâëÿÿ äàííóþ ôóíêöèþ â óðàâíåíèå (3.3.1), ïîñëå ðàçäåëå-

íèÿ ïåðåìåííûõ ïîëó÷èì îòíîñèòåëüíî ôóíêöèè X(r) ñïåêòðàëüíóþ

çàäà÷ó

BγX(r) + λ2X(r) = 0, 0 < r < 1,

X(r) ∈ H2
γ(0, 1), X ′(1) = 0,

ãäå λ2 � ïîñòîÿííàÿ ðàçäåëåíèÿ.

Ò.ê. çäåñü ðàçìåðíîñòü +γ îïåðàòîðà Áåññåëÿ ïîëîæèòåëüíàÿ,

òî îáùåå ðåøåíèå ýòîãî óðàâíåíèÿ îïðåäåëÿåòñÿ ïî ôîðìóëå

X(r) = P1jν(λr) + P2Yν(λr), (3.3.7)

ãäå ôóíêöèè Yν � j-ôóíêöèÿ Íåéìàíà. Âòîðàÿ èç íèõ íå îãðàíè÷å-

íà â íà÷àëå êîîðäèíàò, ïîýòîìó íå óäîâëåòâîðÿåò ïåðâîìó èç óñëîâèé

(3.3.2). Ïîýòîìó íåîáõîäèìî ïîòðåáîâàòü P2 = 0 . Òîãäà ðåøåíèå (3.3.7)

ñ ïðîèçâîëüíîé êîíñòàíòîé P1 ïðèìåò âèä

X̃(r) = P1jν(λr) , ν =
γ − 1

2
.

Èç óñëîâèÿ X ′(r) = 0 ïîëó÷àåì óðàâíåíèå äëÿ îïðåäåëåíèÿ ñïåêòðàëü-

íîãî ïàðàìåòðà λ :

jν
′(λ) = 0.
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Åãî ðåøåíèÿìè ÿâëÿåòñÿ ñ÷åòíûé íàáîð ÷èñåë λn , îïðåäåëÿþùèé ñè-

ñòåìó ii) (ñì. ï. 1.3.1) îðòîãîíàëüíûõ â Lγ
2 ôóíêöèé. Âûáîðîì êîíñòàí-

òû P1 îðòîíîðìèðóåì ñèñòåìó ôóíêöèé ii):

Xn(r) =
√
2
jν(λnr)

|jν(λn)|
.

Çäåñü ìû ó÷ëè, ÷òî â ñëó÷àå ii) íîðìà ∥Λ(n)
γ ∥Lγ

2 (0,1)
âû÷èñëÿåòñÿ ïî

ôîðìóëå

∥Λ(n)
ν ∥2Lγ

2 (0,1)
= [jν(λn)]

2 .

Ôóíêöèþ T (t) , çàâèñÿùóþ îò λn , îáîçíà÷èì Tn(t) . Ñëåäóÿ [47],

åå áóäåì èñêàòü â âèäå

Tn(t) = un(t) =

1∫
0

u(r, t) Xn(r) r
γdr, n = 1, 2, . . . . (3.3.8)

Ââåäåì âñïîìîãàòåëüíûå ôóíêöèè âèäà

un,ε(t) =

1−ε∫
ε

u(r, t) Xn(r) r
γdr, n = 1, 2, . . . ,

ãäå ε > 0 � äîñòàòî÷íî ìàëîå ÷èñëî. Òàê êàê ôóíêöèÿ u = u(r, t)

ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (3.3.1), òî

B−βun,ε(t) =

1−ε∫
ε

(B−β, t)u(r, t) Xn(r) r
γdr =

1−ε∫
ε

Bγ,ru(r, t)Xn(r) r
γdr =

=

1−ε∫
ε

∂

∂r
(rγur) Xn(r)dr = rγurXn(r)|1−ε

ε −
l−ε∫
ε

ur X ′
n(r) r

γdr. (3.3.9)

C äðóãîé ñòîðîíû

un,ε(t)=− 1

λ2n

1−ε∫
ε

u(r, t) BγXn(r) r
γdr=− 1

λ2n

1−ε∫
ε

u(r, t)
d

dr
(rγX ′

n(r))dr =
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= − 1

λ2n

u(r, t)rγX ′
n(r)

∣∣∣∣1−ε

ε

−
1−ε∫
ε

ur(r, t) X
′
n(r) r

γdr

 ,
îòêóäà

l−ε∫
ε

ur X
′
n(r) r

γdr = λ2nun,ε(t) + u(r, t) X ′
n(r) r

γ | 1−ε
ε . (3.3.10)

Èç (3.3.9) è (3.3.10) ïîëó÷èì

B−βun,ε(t) = ur(r, t) Xn(r) r
γ | 1−ε

ε − λ2nun,ε(t)− u(r, t) X ′
n(r) r

γ | 1−ε
ε

Â ñèëó ãðàíè÷íûõ óñëîâèé äëÿ un(t) ïîëó÷èì ñèíãóëÿðíîå äèôôåðåí-

öèàëüíîå óðàâíåíèå ñ îòðèöàòåëüíîé ðàçìåðíîñòüþ îïåðàòîðà Áåññåëÿ:

B−βun(t) + λ2nun(t) = 0, t ∈ (0, T ).

Ò.ê. ÷èñëî β ìîæåò áûòü òîëüêî äðîáíûì, òî ôóíäàìåíòàëüíàÿ ñè-

ñòåìà ôóíêöèé äëÿ ýòîãî óðàâíåíèÿ ñîñòîèò èç ôóíêöèé j∗−µ (1.4.3)

è J∗µ Åãî ðåøåíèÿìè ÿâëÿþòñÿ j -ôóíêöèè Áåññåëÿ (1.4.3) èëè (1.4.4).

Ïîëîæèì

un(t) = a′n j
∗
−µ(λnt) + a′′n J∗µ(λnr), µ =

β + 1

2
.

Ïîñêîëüêó ôóíêöèè un(t) îïðåäåëåíû ÷åðåç ðåøåíèå çàäà÷è u(r, t) ,

òî ìîæåì âîñïîëüçîâàòüñÿ íà÷àëüíûì óñëîâèåì (3.3.3). Â ðåçóëüòàòå

ïîëó÷èì

un(0) = an =

1∫
0

u(r, 0) Xn(r) r
γdr =

1∫
0

φ(r) Xn(r) r
γdr = φn, (3.3.11)

un(t) = φn

(
a′n j

∗
−µ(λnt) + a′′n J∗µ(λnt)

)
, φn =

1∫
0

φ(r) Xn(r) r
γdr.

(3.3.12)
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Îòìåòèì, ÷òî îáå ôóíêöèè j∗−µ è J∗µ , ÷åòíûå ïî Êèïðèÿíîâó, îòëè÷àþ-
ùèåñÿ ëèøü ïîâåäåíèåì â íóëå. Ïîýòîìó ìîæåì ïîëîæèòü, ÷òî a′n = 1 ,

à a′′n = 0 . Òàêèì îáðàçîì ðåøåíèå çàäà÷è (3.3.1), (3.3.2), (3.3.3) c ãðà-

íè÷íûì óñëîâèåì (3.3.5) ìîæåò ñóùåñòâîâàòü â âèäå ñëåäóþùåãî ðÿäà

Ôóðüå�Áåññåëÿ

u(r, t) =
∞∑

n=1

φn Tn(t)Xn(r), (3.3.13)

ãäå Tn(t) è Xn(r) íîðìèðîâàííûå B -öèëèíäðè÷åñêèå ôóíêöèè

Tn(t) =
j−µ(λnt)

|j−µ(λn)|
, Xn(r) =

jν(λnr)

|jν(λn)|
, µ =

β + 1

2
, ν =

γ − 1

2
.

3.3.1 Åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è (3.3.1) �

(3.3.3) c ãðàíè÷íûì óñëîâèåì (3.3.5)

Ïóñòü φ(r) ≡ 0 , òîãäà èç (3.3.11) ïðè âñåõ n ∈ N ñëåäóåò, ÷òî φn ≡ 0 .

Èç (3.3.12) ïîëó÷èì, ÷òî un(t) = 0 ïðè âñåõ n ∈ N . Òîãäà èç (3.3.8)

ïðè ëþáîì t ∈ [0, T ] èìååì
1∫
0

u(r, t) Xn(r) r
γdr = 0. Îòñþäà, â ñèëó

ïîëíîòû ñèñòåì Λ -ôóíêöèé â âåñîâîì ïðîñòðàíñòâå Ëåáåãà Lγ
2(0, 1)

ñëåäóåò, ÷òî u(r, t) = 0 ïî÷òè âñþäó íà ïðîìåæóòêå [0, 1] ïðè ëþáîì

t ∈ [0, T ] .

3.3.2 Ñóùåñòâîâàíèå ðåøåíèÿ çàäà÷è (3.3.1)� (3.3.3)

c ãðàíè÷íûì óñëîâèåì (3.3.5)

Ðåøåíèå îïðåäåëÿåòñÿ â âèäå ðÿäà Ôóðüå-Áåññåëÿ (3.3.13).

Ïî÷ëåííûå B−β, t è Bγ, r ïðîèçâîäíûå ðÿäà (3.3.13) åñòü îïÿòü

ðÿäû Ôóðüå�Áåññåëÿ

B−β, tu(r, t) ∼
∞∑

n=1

φn (−λ2n)Tn(t) Xn(r) . (3.3.14)

Bγ, ru(r, t) ∼
∞∑

n=1

φn Tn(t) (−λ2n)Xn(r) . (3.3.15)
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Åñëè B−βφ ∈ L−β
2 (0, 1) , òî, ñîãëàñíî ñëåäñòâèþ 1.6.1 òåîðåìû 1.6.2,

(ïðè m = 1 ) |φn| ≤ c(β, φ) λ−4
n è ðÿä (3.3.14) ñõîäèòñÿ àáñîëþòíî

è ðàâíîìåðíî â D . Ñõîäèìîñòü ðÿäà (3.3.15) äîêàçàíà â ïóíêòå 3.2.

Ñõîäèìîñòè ýòèõ ðÿäîâ äîñòàòî÷íî, ÷òîáû φ ∈ H3
γ(0, 1) . Ñëåäîâàòåëüíî

ðåøåíèå ñóùåñòâóåò â âèäå (3.3.13).

3.3.3 Àíàëîã ôîðìóëû Ïóàññîíà

Ðåøåíèå (3.3.13) çàïèøåì â âèäå

u(r, t) =
∞∑

n=1

φn

|j−µ(λn)| |jν(λn)|
j−µ(λnt) jν(λnr) . (3.3.16)

Ó÷èòûâàÿ (1.4.3), èìååì ðàâåíñòâà

j−µ(t) = Γ(1− µ)
J−µ(t)

(2t)−µ

jν(r) = 22νΓ(1 + ν)
Jν(r)

(2r)ν

Ïðîèçâåäåíèå ôóíêöèé Áåññåëÿ ïåðâîãî ðîäà ïîðÿäêîâ p è q

ïðè óñëîâèè p + q > −1 îïðåäåëÿåòñÿ ôîðìóëîé ([46], ôîðìóëà

2.12.27.10)

Jp(λt)

(2λt)p
Jq(λr)

(2λr)q
=

1

π

π/2∫
−π/2

eiθ(p−q) (cos θ)p+q Jp+q(λs)

(λsr)p+q
dθ ,

s =
√

2 cos θ (t2 eiθ + r2e−iθ) .

Çäåñü p = −µ > −1 , q = ν > − 1
2 . Ïîëàãàÿ p+ q > −1 çàïèøåì

j−µ(λnt) jν(λnr) =

= Γ(1− µ) 22νΓ(1 + ν)
1

π

π/2∫
−π/2

eiθ(−µ−ν) (cos θ)ν−µ Jν−µ(λs)

(λs)ν−µ
dθ =
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=
Γ(1− µ) 22νΓ(1 + ν)

π 2ν−µΓ(ν − µ+ 1)

π/2∫
−π/2

eiθ(−µ−ν) (cos θ)ν−µ jν−µ(λs) dθ .

Åñëè ïîëîæèòü çäåñü λ = 0 , òî ó÷èòûâàÿ, ÷òî j−µ(0) = 1 è

jν(0) = 1 , ïîëó÷èì ðàâåíñòâî

1 =
Γ(1− µ) 22νΓ(1 + ν)

π 2ν−µΓ(ν − µ+ 1)

π/2∫
−π/2

eiθ(−µ−ν) (cos θ)ν−µ dθ

êîòîðîå ïîêàçûâàåò, ÷òî îïåðàòîð

ν,−µ

V t f(r) =
Γ(1− µ) 22νΓ(1 + ν)

π 2ν−µΓ(ν − µ+ 1)

∫ π/2

−π/2

eiθ(µ−ν) cosν+µ θ f(s) dθ ,

ÿâëÿåòñÿ óñðåäíÿþùèì îïåðàòîðîì:
ν,µ

V t 1 = 1 (ïîýòîìó îáëàäàåò íåêî-

òîðûìè ñâîéñòâàìè îáîáùåííîãî ñäâèãà, íî íå ïðèíàäëåæèò êëàññó

îáîáùåííûõ ñäâèãîâ Ëåâèòàíà). Òàêèì îáðàçîì

j−µ(λnt) jν(λnr) =
ν,−µ

V t
r jν−µ(λr) .

Èç (3.3.16) ïîëó÷àåì ñëåäóþùèé àíàëîã ôîðìóëû Ïóàññîíà.

Òåîðåìà 3.3.1. Ïóñòü â (3.3.1) ïàðàìåòðû 0<β<1 è γ > 0 . Ðå-

øåíèå êðàåâîé çàäà÷è (3.3.1) � (3.3.3) ñ îäíèì èç ãðàíè÷íûõ óñëîâèé

(3.3.4), (3.3.5), (3.3.6) ñóùåñòâóåò è åäèíñòâåííî. Ðåøåíèå â âèäå ðÿ-

äà Ëåâèòàíà (3.3.16) (òèïà Ôóðüå�Áåññåëÿ (åñëè ïàðàìåòð λn óäî-

âëåòâîðÿåò óñëîâèÿì i) èëè ii) ) èëè ðÿäà Äèíè, åñëè ïàðàìåòð λn

óäîâëåòâîðÿåò óñëîâèÿì iii)) èìååò âèä

u(r, t) =
∞∑

n=1

φn

|j−µ(λn)|

ν,−µ

V t
r jν−µ(λr), φn =

1∫
0

φ(r)Xn(r)r
γdr ,

ãäå µ=β+1
2 , ν=γ−1

2 , Xn � íîðìèðîâàííàÿ j-ôóíêöèÿ Áåññåëÿ, îïðå-
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äåëåííàÿ ôîðìóëîé

Xn(r) =


jν(λnr)
|j ′

ν(λn)| â ñëó÷àå i),
jν(λnr)
|jν(λn)| â ñëó÷àå ii),

jν(λnr)
|jν (λn)|

λn

√
[λ2−ν2+(ν+H)2]|

â ñëó÷àå iii).

3.4 Êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ ÝÏÄ ñ

îïåðàòîðîì B−β,t ïðè β ≥ 1 , γ > 0

Äëÿ ïðîèçâîëüíîé îòðèöàòåëüíîé ðàçìåðíîñòè îïåðàòîðà Áåññåëÿ

−β âîçìîæíî èñïîëüçîâàòü â êà÷åñòâå ñîáñòâåííûõ ôóíêöèé òîëü-

êî ôóíêöèè òèïà J∗
µ , êîòîðûå îáëàäàþò íåîáõîäèìûì ñâîéñòâîì

J∗
µ(t) = O(t2µ), t → 0

(
µ = β+1

2

)
. Ýòî ñâÿçàíî ñ ìåðîé îðòîãàíàëü-

íîñòè, ðàâíîé dt
tβ

(îäíîâðåìåííî ýòî è ìåðà ñàìîñîïðÿæåííîñòè îïåðà-

òîðà B−β ).

Ðàññìîòðèì óðàâíåíèå

B−β, tu(r, t) = Bγ, ru(r, t) γ>0, β≥1 (r, t) ∈ D = {(0, 1)× (0, T )}, T>0 .
(3.4.1)

Òðåáóåòñÿ íàéòè ðåøåíèå ýòîãî óðàâíåíèÿ

u(r, t) ∈ C1(D) ∩ C2(D) ∩H3
γ(0, 1; C(0, T )), (3.4.2)

óäîâëåòâîðÿþùåå íà÷àëüíîìó óñëîâèþ

u(r, 0) = φ(r), 0 6 r 6 1, (3.4.3)

è îäíîìó èç ñëåäóþùèõ ãðàíè÷íûõ óñëîâèé ïåðâîãî, âòîðîãî è òðåòüåãî

ðîäà ñîîòâåòñòâåííî:

u(0, t) = 0, 0 6 t 6 T ; u(1, t) = 0, 0 6 t 6 T. (3.4.4)

ur(0, t) = 0, 0 6 t 6 T ; ur(1, t) = 0, 0 6 t 6 T. (3.4.5)
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ur(0, t)−Hu(0, t) = 0, 0 6 t 6 T ; ur(1, t)+Hu(0, t) = 0, 0 6 t 6 T.

(3.4.6)

Ðàññìàòðèâàåòñÿ óðàâíåíèå ÝÏÄ ñ ðàçíûìè (âîîáùå ãîâîðÿ) ïî-

êàçàòåëÿìè ðàçìåðíîñòè îïåðàòîðîâ Áåññåëÿ â ëåâîé è ïðàâîé ÷àñòÿõ

óðàâíåíèÿ ÝÏÄ (3.4.1). ×àñòíûå ðåøåíèÿ óðàâíåíèÿ (3.4.1), òîæäå-

ñòâåííî íå ðàâíûå íóëþ â îáëàñòè D è óäîâëåòâîðÿþùèå óñëîâèÿì

(3.4.2), (3.4.3) è ãðàíè÷íûì óñëîâèÿì (3.4.5), áóäåì èñêàòü â âèäå

u(r, t) = X(r)T (t).

Ïîäñòàâëÿÿ äàííóþ ôóíêöèþ â óðàâíåíèå (3.4.1), ïîñëå ðàçäåëå-

íèÿ ïåðåìåííûõ ïîëó÷èì îòíîñèòåëüíî ôóíêöèè X(r) ñïåêòðàëüíóþ

çàäà÷ó

BγX(r) + λ2X(r) = 0, 0 < r < 1,

X(r) ∈ H2
γ(0, 1), X ′(1) = 0,

ãäå λ2 � ïîñòîÿííàÿ ðàçäåëåíèÿ (êàê è ðàíüøå, ñëó÷àé λ = 0 ïðèâî-

äèò ê òðèâèàëüíîìó ðåøåíèþ, à −λ2 � ê öèëèíäðè÷åñêèì ôóíêöèÿì

òðåòüåãî ðîäà).

Îáùåå ðåøåíèå ýòîãî óðàâíåíèÿ îïðåäåëÿåòñÿ ïî ôîðìóëå

X(r) = P1jν(λr) + P2Yν(λr), (3.4.7)

ãäå ôóíêöèè Yν � j-ôóíêöèÿ Íåéìàíà

Y∗
µ(t) = Y∗

β+1
2

(t) = tµ Y β+1
2
(t) =

cos(νπ) J∗µ(t)− J∗−µ(t)

sin νπ
.

Âòîðàÿ èç íèõ íå ðàâíà íóëþ â íà÷àëå êîîðäèíàò, ïîýòîìó íå óäîâëåòâî-

ðÿåò óñëîâèþ (3.4.2). Ïîýòîìó íåîáõîäèìî ïîòðåáîâàòü P2 = 0 . Òîãäà

ðåøåíèå (3.4.7) ñ ïðîèçâîëüíîé êîíñòàíòîé P1 ïðèìåò âèä

X̃(r) = P1jν(λr) , ν =
γ + 1

2
.
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Èç óñëîâèÿ X ′(r) = 0 ïîëó÷àåì óðàâíåíèå jν
′(λ) = 0. Åãî ðåøåíèÿ-

ìè ÿâëÿåòñÿ ñ÷åòíûé íàáîð ÷èñåë λn , îïðåäåëÿþùèé ñèñòåìó ii) îð-

òîãîíàëüíûõ â Lγ
2 ôóíêöèé. Âûáîðîì êîíñòàíòû P1 îðòîíîðìèðóåì

ñèñòåìó ôóíêöèé ii):

Xn(r) =
√
2
jν(λnr)

|jν(λn)|
.

Çäåñü ìû ó÷ëè, ÷òî â ñëó÷àå ii) íîðìà ∥Λ(n)
γ ∥Lγ

2 (0,1)
âû÷èñëÿåòñÿ ïî

ôîðìóëå

∥Λ(n)
ν ∥2Lγ

2 (0,1)
= [jν(λn)]

2 .

Ôóíêöèþ T (t) , çàâèñÿùóþ îò λn , îáîçíà÷èì Tn(t) . Ñëåäóÿ [47],

åå áóäåì èñêàòü â âèäå

Tn(t) = un(t) =

1∫
0

u(r, t) Xn(r) r
γdr, n = 1, 2, . . . . (3.4.8)

Ââåäåì âñïîìîãàòåëüíûå ôóíêöèè âèäà

un,ε(t) =

1−ε∫
ε

u(r, t) Xn(r) r
γdr, n = 1, 2, . . . ,

ãäå ε > 0 � äîñòàòî÷íî ìàëîå ÷èñëî. Òàê êàê ôóíêöèÿ u = u(r, t)

ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (3.4.1), òî

B−βun,ε(t) =

1−ε∫
ε

(B−β, t)u(r, t) Xn(r) r
γdr =

1−ε∫
ε

Bγ,ru(r, t)Xn(r) r
γdr =

=

1−ε∫
ε

∂

∂r
(rγur) Xn(r)dr = rγurXn(r)|1−ε

ε −
l−ε∫
ε

ur X ′
n(r) r

γdr. (3.4.9)

C äðóãîé ñòîðîíû

un,ε(t)=− 1

λ2n

1−ε∫
ε

u(r, t) BγXn(r) r
γdr=− 1

λ2n

1−ε∫
ε

u(r, t)
d

dr
(rγX ′

n(r))dr =
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= − 1

λ2n

u(r, t)rγX ′
n(r)

∣∣∣∣1−ε

ε

−
1−ε∫
ε

ur(r, t) X
′
n(r) r

γdr

 ,
îòêóäà

l−ε∫
ε

ur X
′
n(r) r

γdr = λ2nun,ε(t) + u(r, t) X ′
n(r) r

γ | 1−ε
ε . (3.4.10)

Èç (3.4.10) è (3.4.9) ïîëó÷èì

B−βun,ε(t) = ur(r, t) Xn(r) r
γ | 1−ε

ε − λ2nun,ε(t)− u(r, t) X ′
n(r) r

γ | 1−ε
ε

Â ñèëó ãðàíè÷íûõ óñëîâèé äëÿ un(t) ïîëó÷èì ñèíãóëÿðíîå äèôôåðåí-

öèàëüíîå óðàâíåíèå ñ îòðèöàòåëüíîé ðàçìåðíîñòüþ îïåðàòîðà Áåññåëÿ:

B−βun(t) + λ2nun(t) = 0, t ∈ (0, T ).

Åãî ðåøåíèÿìè ÿâëÿþòñÿ B -öèëèíäðè÷åñêèå ôóíêöèè Jµ (1.4.5) è

Yµ (1.4.6), îáðàçóþùèå ôóíäàìåíòàëüíóþ ñèñòåìó ôóíêöèé. Ôóíêöèÿ

Yµ(0) ̸= 0 , ïîýòîìó ïîëîæèì

un(t) = an J∗µ(λnt) , µ =
β + 1

2
.

Ïîñêîëüêó ôóíêöèè un(t) îïðåäåëåíû ÷åðåç ðåøåíèå çàäà÷è u(r, t) ,

òî ìîæåì âîñïîëüçîâàòüñÿ íà÷àëüíûì óñëîâèåì (3.4.3). Â ðåçóëüòàòå

ïîëó÷èì

un(0) = an =

1∫
0

u(r, 0) Xn(r) r
γdr =

1∫
0

φ(r) Xn(r) r
γdr = φn, (3.4.11)

un(t) = φn J∗β+1
2

(λnt), φn =

1∫
0

φ(r) Xn(r) r
γdr. (3.4.12)

Òàêèì îáðàçîì ðåøåíèå çàäà÷è (3.4.1), (3.4.2), (3.4.3) c ãðàíè÷íûì

óñëîâèåì (3.4.5) ìîæåò ñóùåñòâîâàòü â âèäå ñëåäóþùåãî ðÿäÿ Ôóðüå�

Áåññåëÿ

u(r, t) =
∞∑

n=1

φn Tn(t)Xk(r) (3.4.13)
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ãäå Tn(t) è Xn(r) íîðìèðîâàííûå B -öèëèíäðè÷åñêèå ôóíêöèè

Tn(t) =
J∗µ(λnt)
|J∗µ(λn)|

, Xn(r) =
jν(λnr)

|jν(λn)|
, µ =

β + 1

2
, ν =

γ − 1

2
.

3.4.1 Åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è (3.4.1) �

(3.4.3) c ãðàíè÷íûì óñëîâèåì (3.4.5)

Ïóñòü φ(r) ≡ 0 , òîãäà èç (3.4.11) ïðè âñåõ n ∈ N ñëåäóåò, ÷òî φn ≡ 0 .

Èç (3.4.12) ïîëó÷èì, ÷òî un(t) = 0 ïðè âñåõ n ∈ N . Òîãäà èç (3.4.8) ïðè

ëþáîì t ∈ [0, T ] èìååì
l∫
0

u(r, t) Xn(r) r
γdr = 0. Îòñþäà, â ñèëó ïîëíî-

òû ñèñòåì Λ -ôóíêöèé â âåñîâîì ïðîñòðàíñòâå Ëåáåãà Lγ
2(0, l) ñëåäóåò,

÷òî u(r, t) = 0 ïî÷òè âñþäó íà ïðîìåæóòêå [0, l] ïðè ëþáîì t ∈ [0, T ] .

3.4.2 Ñóùåñòâîâàíèå ðåøåíèÿ çàäà÷è (3.4.1)� (3.4.3)

c ãðàíè÷íûì óñëîâèåì (3.4.5)

Ðåøåíèå îïðåäåëÿåòñÿ â âèäå ðÿäà Ôóðüå-Áåññåëÿ (3.4.13).

Ïî÷ëåííûå B−β, t è Bγ, r ïðîèçâîäíûå ðÿäà (3.4.13) åñòü îïÿòü

ðÿäû Ôóðüå�Áåññåëÿ

B−β, tu(r, t) ∼
∞∑

n=1

φn (−λ2n)Tn(t) Xn(r) . (3.4.14)

Bγ, ru(r, t) ∼
∞∑

n=1

φn Tn(t) (−λ2n)Xn(r) . (3.4.15)

Åñëè B−βφ ∈ L−β
2 (0, 1) , òî, ñîãëàñíî òåîðåìå 1.7.3 (ïðè m = 1 )

|φn| ≤ c(β, φ) λ−4
n è ðÿä (3.4.14) ñõîäèòñÿ àáñîëþòíî è ðàâíîìåðíî â

D . Ñõîäèìîñòü ðÿäà (3.4.15) äîêàçàíà â ïóíêòå 3.2. Ñõîäèìîñòè ýòèõ

ðÿäîâ äîñòàòî÷íî, ÷òîáû φ ∈ H3
γ(0, 1) . Ñëåäîâàòåëüíî ðåøåíèå ñóùå-

ñòâóåò â âèäå (3.4.13).
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3.4.3 Àíàëîã ôîðìóëû Ïóàññîíà

Ðåøåíèå (3.4.13) çàïèøåì â âèäå

u(r, t) =

∞∑
n=1

φn

|J∗µ(λn)| |jν(λn)|
J∗µ(λnt) jν(λnr) . (3.4.16)

Ó÷èòûâàÿ (1.4.5), èìååì ðàâåíñòâà

J∗µ(t) = tµ Jµ(t) =
t2µjµ(t)

2µ Γ(µ+ 1)
,

jν(r) = 22νΓ(1 + ν)
Jν(r)

(2r)ν

Ïðîèçâåäåíèå ôóíêöèé Áåññåëÿ ïåðâîãî ðîäà ïîðÿäêîâ p è q

ïðè óñëîâèè p + q > −1 îïðåäåëÿåòñÿ ôîðìóëîé ([46], ôîðìóëà

2.12.27.10)

Jp(λt)

(2λt)p
Jq(λr)

(2λr)q
=

1

π

π/2∫
−π/2

eiθ(p−q) (cos θ)p+q Jp+q(λs)

(λs)p+q
dθ ,

s =
√

2 cos θ (t2 eiθ + r2e−iθ) .

Ïîëàãàÿ çäåñü p = µ , q = ν , çàïèøåì

jν(λnr) jµ(λnt) =
2ν+µ Γ(ν + 1)Γ(µ+ 1)

π Γ(ν + µ)

∫ π/2

−π/2

eiθ(µ−ν) cosν+µ θ jν+µ(sλn) dθ ,

Åñëè ïîëîæèòü çäåñü λn = 0 , òî ó÷èòûâàÿ, ÷òî

jν(0)=1 (∀ ν>−1/2) , ïîëó÷èì ðàâåíñòâî

1 =
2ν+µ Γ(ν + 1)Γ(µ+ 1)

π Γ(ν + µ)

∫ π/2

−π/2

eiθ(µ−ν) cosν+µ θ dθ ,

êîòîðîå ïîêàçûâàåò, ÷òî îïåðàòîð

ν,µ

V t
r f(r) =

2ν+µ Γ(ν + 1)Γ(µ+ 1)

π Γ(ν + µ)

∫ π/2

−π/2

eiθ(µ−ν) cosν+µ θ f(s) dθ ,

128



ÿâëÿåòñÿ óñðåäíÿþùèì îïåðàòîðîì:
ν,µ

V t
r 1 = 1 (ïîýòîìó îáëàäàåò íåêî-

òîðûìè ñâîéñòâàìè îáîáùåííîãî ñäâèãà, íî íå ïðèíàäëåæèò êëàññó

îáîáùåííûõ ñäâèãîâ Ëåâèòàíà). Òàêèì îáðàçîì

jµ(λnt) jν(λnr) =
ν,µ

V t
r jν+µ(λr) .

Èç (3.4.16) ïîëó÷àåì ñëåäóþùèé àíàëîã ôîðìóëû Ïóàññîíà.

Òåîðåìà 3.4.1. Ïóñòü â (3.4.1) ïàðàìåòðû β ≥ 1 è γ > 0 . Ðåøåíèå
êðàåâîé çàäà÷è (3.4.1) � (3.4.3) ñ îäíèì èç ãðàíè÷íûõ óñëîâèé (3.4.4),
(3.4.5), (3.4.6) ñóùåñòâóåò è åäèíñòâåííî. Ðåøåíèå â âèäå ðÿäà Ëåâè-
òàíà (3.4.16) (òèïà Ôóðüå�Áåññåëÿ (åñëè ïàðàìåòð λn óäîâëåòâîðÿ-
åò óñëîâèÿì i) èëè ii) ) èëè ðÿäà Äèíè, åñëè ïàðàìåòð λn óäîâëåòâî-
ðÿåò óñëîâèÿì iii)) èìååò âèä

u(r, t) =
∞∑

n=1

φn (λnt)
2µ

|J∗µ(λn)| 2µ Γ(µ+ 1)

ν,µ

V t
r jν+µ(λr) , φn =

1∫
0

φ(r)Xn(r)r
γdr,

ãäå µ=β+1
2 , ν=γ−1

2 , Xn � íîðìèðîâàííàÿ j-ôóíêöèÿ Áåññåëÿ, îïðå-

äåëåííàÿ ôîðìóëîé

Xn(r) =


jν(λnr)
|j ′

ν(λn)| â ñëó÷àå i),
jν(λnr)
|jν(λn)| â ñëó÷àå ii),

jν(λnr)
|jν (λn)|

λn

√
[λ2−ν2+(ν+H)2]|

â ñëó÷àå iii).
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